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Introduction 



We search for examples of families of Calabi-Yau manifolds with dense set of complex 
multiplication fibers and for examples of families of curves with dense set of complex 
multiplication fibers. This essay bases on the authors doctoral thesis. In addition we will 
give some concrete examples of fibers with complex multiplication. 

By string theoretical considerations, one is interested in Calabi-Yau manifolds, since 
Calabi-Yau 3-manifolds provide conformal field theories (CFT). One is especially inter- 
ested in Calabi-Yau 3-manifolds with complex multiplication, since such a manifold has 
many symmetries and mirror pairs of Calabi-Yau 3-manifolds with complex multiplica- 
tion yield rational conformal field theories (RCFT) (see [18j). Moreover S. Gukov and 
C. Vafa [IB] ask for the existence of infinitely many Calabi-Yau manifolds with complex 
multiplication of fixed dimension n. 

For a Calabi-Yau manifold X of dimension n with < 3, the condition of complex 
multiplication is equivalent to the property that for all k the Hodge group of if'^(X, C) 
is commutative. We will call any family of Calabi-Yau n-manifolds, which has a dense 
set of fibers satisfying the latter property with respect to the Hodge groups, a CMCY 
family of n-manifolds. The author uses this condition for technical reasons and hopes 
that such a CMCY family of n-manifolds in an arbitrary dimension may be interesting 
for its mathematical beauty, too. Here we will give some examples of CMCY families 
of 3-manifolds and explain how to construct CMCY families of n-manifolds in an arbi- 
trarily high dimension. Moreover we will explicitely determine some fibers with complex 
multiplication (see Example 17.3. ![ Section 7.4, Remark 18.3.61 Remark 19.4. II and Remark 
111.3.131) . 

Starting with a family of cyclic covers of with a dense set of CM fibers, E. Viehweg 
and K. Zuo [17] have constructed a CMCY family of 3-manifolds. This construction of 
E. Viehweg and K. Zuo [17j is given by a tower of cyclic coverings, which will be explained 
in Section 7.3. In Chapter 8 we will give a modified version of a Viehweg-Zuo tower for 
one of our new examples. 

Hence we are interested in the examples of families of curves with a dense set of CM 
fibers by our search for CMCY families of n-manifolds. But there is an other motivation 
given by an open question in the theory of curves, too. In [10] R. Coleman formulated 
the following conjecture: 

Conjecture 1. Fix an integer g > 4. Then there are only finitely many complex algebraic 
curves C of genus g such that Jac(C) is of CM type. 

Let Vn denote the configuration space of n + 3 points in P^. One can endow these 
n + 3 points in P^ with local monodromy data and use these data for the construction of 
a family C — » P„ of cyclic covers onto P^ (see Construction 13 . 2 . Tl) . 

The action of PGL2(C) on P^ yields a quotient Ain = 'Pn/PGL2(C). By fixing 3 points 
on P^, the quotient A^„ can also be considered as a subspace of Vn- 



7 



Remark 2. In 125] J. de Jong and R. Noot gave counterexamples for g = 4 and g = 6 to 
the conjecture above. In ^42j ^- Vi^hweg and K. Zuo gave an additional counterexample 
for g = 6. The counterexamples are given by families C Vn of cyclic covers ofF^ with 
infinitely many CM fibers. Here we will find additional families C Vn of cyclic genus 
5 and genus 1 covers of with dense sets of complex multiplication fibers, too. 

All new examples C ^ Vn oi the preceding remark have a variation V of Hodge 
structures similar to the examples of J. de Jong and R. Noot [25j, and of E. Viehweg 
and K. Zuo [17], which we call pure (l,n) — VHS. Let Hg(V) denote the generic Hodge 
group of V and let K denote an arbitrary maximal compact subgroup of Hg'^'^(V)(]R). In 
Section 4.4 we prove that a pure (1, n) — VHS induces an open (multivalued) period map 
to the symmetric domain associated with 'H.g^'^(V){M.)/K, which yields the dense sets of 
complex multiplication fibers. We obtain the following result in Chapter 6: 

Theorem 3. There are exactly 19 families C ^ Vn of cyclic covers ofF^, which have a 
pure {l,n) — VHS (including all known and new examples). 

We will use the fact that the monodromy group Mon°(V) is a subgroup of the derived 
group Hg*^'^''(V) and we will study Mon''(V). Let ijj he a generator of the Galois group 
of C Vn and C{ip) be the centralizer of ip in the symplectic group with respect to the 
intersection pairing on an arbitrary fiber of C. In Chapter 4 we obtain the result, which 
will be useful for our study of Hg'^°''(V) and Mon°(V): 

Lemma 4. The monodromy group Mon°(V) and the derived Hodge group Hg'^'^'"(V) are 
contained in C{ip). 

Unfortunely we will not be able to determine Mon°(V) for all families C — > P„ of cyclic 
covers onto But we obtain for example the following results in Chapter 5: 

Proposition 5. Let C -^Vn be a family of cyclic covers of degree m onto P^. Then one 
has: 

1. If the degree m is a prime number > 3, the algebraic groups C'^'^^{ip), Mon°(V) and 
Rg'^^'iV) coincide. 

2. If C ^ '^2g+2 is a family of hyperelliptic curves, one obtains 

Mon°(V) = Hg(V) = Spq(2^?). 

3. In the case of a family of covers onto P^ with 4 branch points, we need a pure 
(1, 1) — VHS to obtain an open period map to the symmetric domain associated 
with }ig'^{V)iR)/K. 

By our new examples of Viehweg-Zuo towers, we will only obtain CMCY families 
of 2-manifolds. C. Voisin |19] has described a method to obtain Calabi-Yau 3-manifolds 
by using involutions on K3 surfaces. C. Borcea [8] has independently arrived at a more 
general version of the latter method, which allows to construct Calabi-Yau manifolds in 
arbitrary dimension. By using this method, we obtain in Section 7.2: 

Proposition 6. Fori = 1,2 assume that C^*^ ^ Vi is a CMCY family of rii-manifolds en- 
dowed with the Vi-involution ^ such that for allp G Vi the ramification locus {Ri)p ofCf^ — >• 
dp' I li consists of smooth disjoint hyper surf aces. In addition assume that Vi has a dense set 
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of points pe Vi such that for all k the Hodge groups lig{H'^{Cp\Q)) and'Rg{H^{{Ri)p, Q)) 
are commutative. By blowing up the singular locus of C^^^ x €^'^^{(01,02)), one obtains a 
CMCY family of ni + n2-manifolds over Vi x V2 endowed with an involution satisfying 
the same assumptions as Li and 62- 

Remark 7. By the preceding proposition, one can apply the construction of C. Borcea 
and C. Voisin for families to obtain an infinite tower of CMCY families of n-manifolds, 
which we call a Borcea- Voisin tower. 

Example 8. The family C —>■ Aii given by 

D V{y^ - xi{xi - xo){xi - Xxo)xo) ^ A G Mi 

has a pure (1, 1)—VHS. Hence by the construction of Viehweg and Zuo fjT^ , one concludes 
that the family C2 given by 

D V{yl + yt- xi{xi - Xq){xi - \xq)xq) ^ \ e Mi (1) 

is a CMCY family of 2-manifolds. 

This family has many Mi- automorphisms. The quotients by some of these automor- 
phisms yield new examples of CMCY families of 2-manifolds. Moreover there are some 
involutions on C2, which make this family and its quotient families of KS-surfaces suitable 
for the construction of a Borcea-Voisin tower (see Section 7.4 for the construction of C2, 
and for the automorphism group and the quotient families of C2 see Section 9.3, Section 
9.4 and Section 9.5). 

Example 9. The family C ^ M3 given by 

P(2, 1, 1) D V{yf — Xi{xi — Xo){xi — axo){xi — bxo){xi — cxo)xo) A G Mi 

has a pure {1,3) — VHS . The desingularisationF{2,2, 1, 1) of the weighted projective space 
P(2, 2, 1, 1) is given by blowing up the singular locus. By a modification of the construction 
of Viehweg and Zuo, the family W given by 

P(2, 2, 1, 1) D V{yl + yl - xi{xi - xo){xi - axQ){xi - bxa){xi - cxo)xo) ^ X e M^ (2) 

is a CMCY family of 2-manifolds. The family W has a degree 3 quotient, which yields 
a CMCY family of 2-manifolds. Moreover it has an involution, which makes it and its 
degree 3 quotient suitable for the construction of a Borcea-Voisin tower (see Chapter 8 
for the construction ofW and Section 9.1 for its degree 3 quotient). 

By using the preceding example, we will obtain (see Section 9.2 for the construction 
and Section 10.3 for the maximality) : 

Theorem 10. Let a^^ denote a generator of the Galois group of a degree 3 cover F3 
P^. The family W has an M^- automorphism a' of order 3 such that the quotient W x 
F3/ ((a', apg)) has a desingularisation, which is a CMCY family Q M3 of 3-manifolds. 
Moreover the family Q is maximal. 

By using the V. V. Nikulins classification of involutions on K3 surfaces [52] and the 
construction of C. Voisin [49j, we obtain in Chapter 11: 
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Theorem 11. For each integer 1 < r < 11 there exists a maximal holomorphic CMCY 
family of algebraic 3-manifolds with Hodge number h"^'^ = r. 

The first three chapters explain well-known facts and yield an introduction of the 
notations. Chapter 1 is an introduction to Hodge Theory with a special view towards 
complex multiplication. We consider cyclic covers of in Chapter 2. Moreover Chapter 
3 introduces everything that we need to describe families of cyclic covers of and their 
variations of Hodge structures. 

In Chapter 4 we consider the Galois group action of a cyclic cover onto P^ and we 
state first results for the generic Hodge group of a family C — >■ P„. Moreover we will 
give a sufficient criterion for the existence of a dense set of CM fibers given by the pure 
(l,n) — VHS. In Chapter 5 we compute Mon''(V), which provides many information 
about Hg(V). We will see that Mon°(V) coincides with C"^°'^ (■?/') in infinitely many cases. 
In Chapter 6 we classify the examples of families of cyclic covers onto P^ providing a pure 
(l,n) - VHS. 

The basic methods of the construction of CMCF-families in higher dimension will 
be explained in Chapter 7. We introduce the Borcea-Voisin tower and the Viehweg-Zuo 
tower and realize that only a small number of families of cyclic covers of P^ are suitable to 
start the construction of a Viehweg-Zuo tower. We will also discuss some methods to find 
concrete CM fibers at the end of this chapter. In Chapter 8 we will give a modified version 
of the method of E. Viehweg and K. Zuo to construct the CMCY family of 2-manifolds 
given by Q. We consider the automorphism groups of our examples given by ([T]) and 
([2]) in Chapter 9. This yields the further quotients of the families given by ([T]) and Q, 
which are CMCY families of 2-manifolds. We will see that these quotients are endowed 
with involutions, which make them suitable for the construction of a Borcea-Voisin tower. 
Moreover we will construct the family Q of Theorem [10] in Chapter 9. The next chapter is 
devoted to the length of the Yukawa couplings of our examples families (motivated by the 
question of rigidity) and the Hodge numbers of their fibers. We finish this chapter with 
an outlook onto the possibilities to construct CMCY families of 3-manifolds by quotients 
of higher order. In Chapter 11 we use directly the mirror construction of C. Voisin to 
obtain maximal holomorphic CMCY families of 2-manifolds, which are suitable for the 
construction of a holomorphic Borcea-Voisin tower. 
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Chapter 1 



An introduction to Hodge structures 
and Shimura varieties 

In this chapter we recall the general facts about Hodge structures and Shimura varieties, 
which are needed in the sequel. 

1.1 The basic definitions 

Definition 1.1.1. Let i? be a Ring such that Z C i? C M. An i?-Hodge structure is given 
by an i?-module V and a decomposition 

such that = V^'P. 

Now let S := Res£,/M.Gm,c be the Deligne torus given by the Weil restriction of Gm,c- 

Proposition 1.1.2. Let V be an M.-vector space. Each real Hodge structure on V defines 
by 

z ■ aP''^ = zPz'^aP''^ 

for all a^''^ G V'^''^ an action o/S on V^C such that one has an ^.-algebraic homomorphism 
h : S —>■ GL{V). Moreover by the eigenspace decomposition of Vc with respect to the 
characters ofS, any representation given by an algebraic homomorphism h : Ei —>■ GL(y) 
corresponds to a real Hodge structure on V. 

Proof (see pjj, 1.1.10) □ 
From now on let be a Q- vector space and let 

h:S^ GL(Vm) 

^Note that P. Deligne writes 

z ■ aP-'^ = z-Pz-'^aP-i instead of z ■ aP-'^ = zPz'^aP-'' 
in |13j . But this is only a matter of the chosen conventions. 
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be the algebraic homomorphism corresponding to a Hodge structure on V. Note that S 
is given by Spec{R[x, y,t]/ (t{x'^ + y"^) = 1)) and is the algebraic subgroup given by 
Spec(M[a;, yj/fx^ + 1/^ = !))• This yields 

S\R) = {z eC: zz = 1} CC*. 

We consider the exact sequence 

^ M* c!i c* S\R) 0, 
which can be obtained by an exact sequence 

^ G^,M ^ § ^ 5^ ^ (1.1) 

of M-algebraic groups. 

Remark 1.1.3. The homomorphism given by /i o w is called weight homomorphism. 
There exists a /c G Z such that V'^''^ = for aA\ p + q ^ k, if and only if /i o w is given by 
r ^ r^. A Hodge structure is of weight k, ii ho w is given by r ^ r'^. 

Remark 1.1.4. By Proposition ll.l.2[ any (real) Hodge structure on V^, of weight k 
determines a unique morphism hi : ^ GL(Vr) given by 

51^§AgL(Fm). 

Since § = Gm,R ■ S^, one can reconstruct h from h\si and the weight homomorphism. By 
using Proposition 11.1.21 again, one can easily see that there is a correspondence between 
Hodge structures of weight A; on and representations hi : ^ GL(Vr) given by 

for all a^''^ G V^'"^, which must satisfy p + q = k for all V^''^ ^ 0. 
Example 1.1.5. An integral Hodge structure of weight k is given by 

H\X,C) = H\X,Z) ® C = HP''^{X) with HP'^iX) = H\X,n\) 

p+q=r 

for any compact Kahler manifold X. 

Definition 1.1.6. A polarized i?-Hodge structure of weight k is given by an i?-Hodge 
structure of weight k on an i?- module V and a bilinear form Q : V x V ^ R, which is 
symmetric, if k is even, alternating otherwise, and whose extension on V C satisfies: 

1. The Hodge decomposition is orthogonal for the Hermitian form i^Q[-,^). 

2. For all a G V^''^ \ {0} one has 

iP-^{-l)'^Q{a,a) > 0. 
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Example 1.1.7. Let X be a compact Kahler manifold. Recall that for k < dim{X) the 
primitive cohomology M)prim is the kernel of the Lefschetz operator H^{X,M.) — 

if2"-fc+2(x,M) given by 

where n := dim{X), uj denotes the chosen Kahler form and a G H^{X,M.). By 

{a, (3) := [ A''-\lu) AaAP, 

one obtains a polarization on Z)prim and hencefore a polarized integral Hodge 

structure on H''{X,Z)p,i^, if [uj] E H\X,Z) (see |50j, 7.1.2)1. 

Definition 1.1.8. Let Q C K C M be a field and be a i^-vector space. The Hodge 
group }lgj^(y,h) of a. K Hodge structure (y,h) is the smallest _ft"-algebraic subgroup G 
of GL{V) such that 

The Mumford-Tate group MTxiVjh) of a K Hodge structure (y,h) is the smallest K- 
algebraic subgroup G of GL(V") such that 

h{S) cGxkR. 

For simplicity we will write Hg(V, /i) instead of HgQ(V, /i) and MT(V, /i) instead of 
MTQiV,h). 

Definition 1.1.9. Let F be a number field. A compact Kahler manifold X of dimension 
n has complex multiplication (CM) over F, if the Hodge group of the F Hodge structure 
on H^{X, F) is a torus. We say that X has complex multiplication, if it has complex 
multiplication over Q. 

There is another concept of complex multiplication: An Abelian variety A is of GM 
type, if it is isogenous to a fiberproduct of simple Abelian varieties Xj (i = 1, . . . , n) such 
that there are fields Ki C End(Xj) Q, which satisfy 

[Ki : Q] > 2-dim{Xi). 

Remark 1.1.10. If the Abelian variety A is of GM type, the fields are GM fields 
(i.e. a totally imaginary quadratic extension of a totally real number field) and satisfy 

[Kr.Q] = 2- dim{Xi). 

Proof, (see [5^, Theorem 3.1 and Lemma 3.2.) □ 

Lemma 1.1.11. An Abelian variety A is of GM type, if and only z/ Hg(if ^(A, Q)) is a 
torus algebraic group. 

Proof, (see [SH]) □ 

Since the Hodge structures on if^(C, Q) and /J^(Jac(C), Q) are isomorphic, the rela- 
tion of our two concepts of complex multiplication is obvious: 

Proposition 1.1.12. A curve G has complex multiplication, if and only z/ Jac(C) is of 
GM type. 

^ There is a more general definition of a polarized Hodge structure (see [13], 1.1.10). But here we will 
mainly consider Hodge structures given by the primitive cohomology on a Kahler manifold. Moreover 
we obtain _ff"(X, M)piim — M), if X is a curve or if X is a Calabi-Yau 3-manifold. Hence in these 

two cases of our main interest Mprim) is independent by the chosen Kahler form. Moreover by its 

definition, the corresponding polarization is independent of the Kahler form, ii k — n. Thus in these two 
cases the integral polarized Hodge structure depends only on the isomorphism class of X. 
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1.2 Jacobians, Polarizations and Riemann's Theorem 

Let X be a Kahler manifold. Consider the following exact sequence: 

^ Z ^ Ox ^ Ox ^ 

This yields the complex torus 

Pic\X) = H\X, Ox)/H\X,Z), 

which isomorphic to the Jacobian Jac(C), if X is a curve C. The theory of Abelian 
varieties, their Hodge structures and their parameterizing spaces contains several features, 
which we will need in the sequel. 

1.2.1. On the homology Hi{C,Z) of a curve C one can define an intersection pairing. It 
is compatible with the polarization onH^{C,Z) by a canonical monomorphism a, which 
assigns to each 7 G Hi{C, Z) the a G H^{C, C), which has the property that 

/ aAp= 1 13 

Jc J-y 

for all [3 G H^{C, C). Thus the homology group Hi{C, Z) is the dual of 

H\C,Z) = a{Hi{C,Z))E 

By integration over C- valued paths in Hi{C,C) := Hi{C,Z) ®i C, the C- valued ho- 
mology Hi{C, C) is a canonical dual of H^{C, C). On Hi{C, C) the dual Hodge structure 
of weight —1 is given by the Hodge filtration 

C C ifi(C,C) such that = and H-^^\C) = H^^^C)* 

with H~^'°{C) = Hi{CX)/H^''\C). Moreover one has 

a o h^i{z) = hi{z) o a for all 2 G ^^(M), 

where and hi denote the corresponding embeddings 

h_i : GL{Hi{C,R)) and hi : ^ GL{H\C,R)). 

Thus the Hodge groups of these Hodge structures on Hi{C, Z) and H^{C, Z) are isomor- 
phic. Hence for a study of the Hodge structure on H^{C,Z), it is sufficient to consider 
the corresponding dual Hodge structure on Hi{C, Z). 

Next we consider polarizations on Abelian varieties: 

Remark 1.2.2. Let A = W/L be a complex ^f-dimensional torus. There is a canonical 
isomorphism between H'^{A,Z) and Z-valued alternating forms on L = Hi{A,Z). More- 
over for an alternating integral form E on L, there is a line bundle £ on A with c^(£) = E, 
if and only if E{i-,i-) = E{-, ■). By 

H{u, v) = E{iu, v) + iE{u, v), 

■^Note that Jac(C) is defined by the quotient of H^{u)c)* by the period lattice induced by integration 
over paths in Hi{C, Z). Thus the statement that H^{C, Z) <j{Hi{C, Z)) is equivalent to the well-known 
fact that Pic°(C) ^ Jac(C). 
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we get the corresponding Hermitian form H from E and conversely, given H we obtain 
E hj E = '^H. (See[n], Proposition 2.1.6 and Lemma 2.1.7) 

A polarization on an Abelian variety is given by a line bundle C, whose Hermitian 
form H, which corresponds to its first Chern class E, is positive definite. The alternating 
form E of the polarization can be given by the matrix 

Dg 

-D, 

with respect to a symplectic basis of L, where Dg = dia.g{di, ... ,dg) with di\di+i (see 
[6], 3.§1). The matrix Dg depends on the polarization, and it is called the type of the 
polarization. The polarization ii^ on A is principal, if Dg = Eg. 

A positive definite Hermitian form H on W, which has the property that is an 
integral alternating form on L, satisfies that '^H{i-, i-) = QH{-, ■) resp., is a polarization. 
Since the Chern class of a line bundle £ is a polarization, if and only if C is ample (see 
[6], Proposition 4.5.2.), H yields an ample line bundle. By the Theorem of Chow, A is 
algebraic in this case. Moreover if A is an Abelian variety, there is a positive definite 
Hermitian form H on W such that is integral on L (see [IQ], §1, too). 

Now let V denote a Q- vector space of dimension 2g,Qhe a. rational alternating bilinear 
form on V, and J be a complex structure on (i.e. an automorphism J with = —id). 

Remark 1.2.3. It is a well-known fact that there is a correspondence between Hodge 
structures /i on of type (1, 0), (0, 1) and complex structures J on via h{i) = J. 

Lemma 1.2.4. The complex structure JonV^ corresponds to a polarized Hodge structure 
{V, h, Q) of type (1, 0), (0, 1), if and only if it satisfies 

Q{J-,J-) = Q{-,-) andQ{Jd,v)>0 

for all -u G Vr. 

Proof. Let the complex structure J on Vr be given by a polarized Hodge structure of type 
(1, 0), (0, 1) on V. Any v,w E can be given by 

V = V + V and w = w + w 

for some v,w E where H^'^ and iJ"'^ are totally isotropic with respect to Q. Hence: 

Q{Jv, Jw) = Q{iv, —iw) + Q{—iv, iw) = Q{v, w) + Q{v, w) = Q{v, w) 

Since the Hermitian form given by iQ{v, v) is positive definite on if one concludes: 

Q{Jv, v) = Q{iv -iv,v + v) = Q{iv, v) + Q{-iv, v) = 2iQ{v, v) > (1.2) 

Conversely assume that Q{J-,-) > and Q{-, ■) = Q{J-, J-). Thus one has 

Q{v, v) = Q{Jv, Jv) = Q{iv, iv) = -Q(f , v) 

resp., Q{v, v) = Q{Jv, Jv) = Q{—iv, —iv) = —Q{v, v) 

for all V G H^'° := Eig{J,i) resp., for all v G if^'^ := Eig{J, -i). Hence resp., 
is isotropic with respect to Q. The same calculation as in fll.21) implies that iQ{-,^) is 
positive definite on if^'° and negative definite on H^'^. Hence one gets a polarized Hodge 
structure of type (1, 0), (0, 1) by Remark [1.2.31 □ 
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By the preceding lemma and an easy calculation using that z = a + ib E ^^(IR) implies 
+ 6^ = 10 we obtain: 

Proposition 1.2.5. A polarized Hodge structure of type (1, 0), (0, 1) on V (where Q de- 
notes the polarization) induces a faithful symplectic representation 

h:S'^SpiV^,Q). 

Corollary 1.2.6. Let {V, h, Q) be a polarized Hodge structure of type (1, 0), (0, 1). Then 

Hg(\/, h) c Sp{V, g), and MT{V, h) c GSp(l^, Q). 

Theorem 1.2.7 (Riemann). There is a correspondence between polarized Abelian varieties 
of dimension g and polarized Hodge structures (L, h, Q) of type (1, 0), (0, 1) on a torsion- 
free lattice L of rank 2g . 

Proof. Let (L, h, Q) be a polarized Hodge structure on a torsion-free lattice L of rank 2g. 
By 

one has an isomorphism / of M-vector spaces. The complex structure of the Hodge 
structure turns Lr into a C- vector space. One has f{Xv) = Xf{v). By /, Q may be 
considered as (real) alternating form on H^'^. But it satisfies Q{iv, f ) < for all v G H^'^. 
Hence let E = —Q. Lemma fl.2.41 implies that E{i-,i-) = E{-, ■) and E{iv,v) > for all 
V e H^'^. Thus the corresponding Hermitian form is positive definite (see Remark 11.2.21) 
and we have a polarization on the complex torus H^'^/L and hencefore an Abelian variety. 

Conversely take a polarized Abelian variety {A,E), where A = W/L. Let Q := —E. 
By J = —i, one has similar to Lemma 11.2.41 a complex structure corresponding to a 
polarized Hodge structure of type (1, 0), (0, 1) on L. Thus we have obviously obtained the 
desired correspondence. □ 

Since a polarized rational Hodge structure can be considered as polarized integral 
Hodge structure with respect to a fixed lattice, if the polarization on this lattice is integral, 
one concludes by Lemma Fl.2.41 and Theorem 11.2.71 

Corollary 1.2.8. There is a bisection between the sets of polarized Abelian varieties A = 
W/ L and complex structures on L (g) M satisfying 

Q{J-,J-) = Q{-,-) andQ{Jv,v)>0 

for a// f G L (g) M with respect to an integral alternating form Q on L. 

Remark 1.2.9. The Jacobian Jac(C) of a curve C is isomorphic to 

Pic°(C) =H'^'\C)/H\C,Z). 

"^Let v,w G Vr. The calculation is given by: 

Q{zv, zw) — a^Q{v, w) + b^Q{v, w) + ab{Q{Jv, w) + Q{v, Jw)) = 
= Q{v, w) + ab{Q{Jv, w) + Q(Jv, J{Jw))) = Q{v, w) + ab{Q{Jv, w) + Q{Jv, ~w)) — Q(v, w) 
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As in the proof of Riemann's Theorem, the polarization of the integral Hodge structure 
on H^[C,Z) can be identified with a polarization on Jac(C). Since the corresponding 
intersection form on iJi(C, Z) can be given by the matrix 



Eg 

-E, 



with respect to a fixed symplectic basis (follows by [0], Chapter 11, §1 for example), one 
concludes that this polarization on Jac(C) is principal^ 

Remark 1.2.10. Two curves are isomorphic, if their Jacobians are isomorphic as princi- 
pally polarized Abelian varieties (see [H], Torelli's Theorem 11.1.7). 



1.3 Shimura data and Siegel's upper half plane 

From now on let (L, h, Q) be a polarized integral Hodge structure of type (1, 0), (0, 1) on 
a torsion-free lattice L of rank 2g and y := L ® Q. For simplicity we assume that Q is 
given by 

= ( -E, I' ) (l'^) 

with respect to a symplectic basis of L. 

Now we construct Siegel's upper half plane [)g (at present as homogeneous space): 

Construction 1.3.1. An embedding h : —>■ Sp(V,Q)iR obtained by a polarized in- 
tegral Hodge structure {L,h,Q) of type (1,0), (0,1) corresponds via h{i) to a positive 
complex structure (i.e. a complex structure J such that Q{Jv,v) > 0) J G Sp(V,(5)m for 
all V G Vr. By conjugation, Sp(V, (5)ro acts transitively on the positive complex struc- 
tures J G Sp(V,Q)]R (see [32], page 670) and hencefore it acts transitively on the set of 
polarized integral Hodge structures (L, h, Q) of type (1, 0), (0, 1). Let K be the subgroup 
of Sp(y, (5)(M), which leaves a fixed h{S^) stable by conjugation. Then Corollary 11.2.81 
allows to identify the set of points of the homogeneous space f)^ := Sp(V, (5)(M)/-ft' with 
the set of principally polarized Abelian varieties of dimension g with symplectic basis. 

We want to endow P)g with the structure of a Hermitian sjTiimetric domain. But first 
let us recall some needed facts about groups: 

Definition 1.3.2. A Lie algebra q is simple, if dim{Q) > 1 and g contains no non-trivial 
ideals. A connected Lie group G is simple, if its Lie algebra is simple. 

Remark 1.3.3. Let G be an algebraic group. The quotient G'^'^ is the image of the adjoint 
representation of G on its Lie algebra q. It is a well-known fact that G has the following 
algebraic subgroups: 



^Following ^ , Chapter 11 the principal polarization is ci(0), where the Theta divisor O is obtained 
as the image of the Abel-Jacobi map C^~^ Jac(C) via {pi, ■ ■ ■ ,Pg-i) Oc{pi + ■ ■ • +Pg-i — {g — ^)po) 
for an arbitrary po & C. 

positive complex structure in the sense of our notation is a negative complex structure in the sense 
of the notation of [32], and vice versa (Here J is negative, if Q{Jv,v) > for all v e Vr.). But via 
J ^ — J we have a correspondence between negative and positive complex structures commuting with 
the actions of Sp(y, (5)r on positive and negative complex structures. 
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The derived group G of G is the subgroup of G generated by its commutators. By 
Z{G), we denote the center of G. The Radical R{G) is the maximal connected normal 
solvable subgroup of G. Its unipotent radical Ru{G) is given by 

RuiG) := {g G R{G)\g is unipotent}. 

Definition 1.3.4. Let G be an algebraic group. The group G is a reductive, if Ru{G) = 
{e}, and semisimple, if R{G) = {e}. 

Proposition 1.3.5. Let G be a connected algebraic group. It is reductive, if and only if 
it is the almost direct product of a torus and a semisimple group. These groups can be 
given by Z{G) and G'^^'^ . 

Proof, (see [i43j, Chapter I. §3 for the first statement and [9J IV. 14.2 for the second 
statement) □ 

Remark 1.3.6. It is a well-known fact that the Lie algebras of an M-algebraic group G 
and the Lie group ^(IR) coincide. Moreover G is semisimple, if and only if its Lie algebra 
g is a direct sum of simple Lie algebras. 

Remark 1.3.7. 1. Let G be a reductive Q-algebraic group with largest commutative 
quotient T. One has the obvious exact sequences: 

1 ^ G"^""' ^G^T^l 

1 Z{G) ^ G ^ ^ 1 
1 ^ ZiG"^""') Z{G) ^ T ^ 1 

2. The exact sequences induce a natural isogeny G'^^'^ — > G^'^ with kernel Z{G'^'^'^) (see 
[12], 1.1.) 

Lemma 1.3.8. If G is a semisimple connected Lie group with trivial center, then it is 
isomorphic to a direct product of simple adjoint groups. 

Proof. By the assumptions and [23], II. Corollary 5.2, G coincides with its adjoint group 
Q&d ^ G/Z{G). Since the Lie algebra g of G is the direct sum of simple Lie algebras, 
g is the Lie algebra of a certain direct product of simple groups, too. Without loss of 
generality one can assume that these simple Lie groups have trivial centers. Recall that 
the adjoint group depends only on the Lie algebra. Thus this product of simple groups is 
isomorphic to its adjoint, which is the adjoint of G coinciding with G. □ 

Let g be a complex Lie algebra. By M =^ C, g can be considered as a real Lie algebra 
^ with complex structure J given by the scalar multiplication with i. A real form of ^ 
is a subalgebra go of ^ such that 

g^ = go © ^00- 

A real form is called compact, if its (real) adjoint group is a compact Lie group. 

Now let g be a semisimple real Lie algebra. Any involution i on g endows g with a 
decomposition into two eigenspaces t = Eig(t, 1) and p = Eig(t, —1). The involution l is 
called a Cartan involution, if u := t+ip is a compact real form of the complexified semisim- 
ple Lie algebra gc. An involutive algebraic automorphism ? on a connected M-algebraic 
group G is a Cartan involution on G, if the (real) Lie subgroup of G(C) corresponding to 
u := t + «p is compact, where again t = Eig(t, 1), p = Eig(i, —1) C Lie{G). 
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Proposition 1.3.9. A connected W-algebraic group is reductive, if and only if it has a 
Cartan involution. Any two Cartan involutions are conjugate by an inner automorphism. 

Proof (See |43j, I. 4.3) □ 

Example 1.3.10. The group Sp]g(V, Q) = Sp^{2g) is reductive. The inner automorphism 
of Sp]g(2(yf) given by Jq (see (11. 3p ) is a Cartan involution (see [23], VIII. Exercise B.2). 

Since Sp(l^, Q) is defined for the alternating form Q given by the matrix Jq, one can 
easily calculate that Jq satisfies that Q{JqV,v) > for all v G Vr. Hence by Construction 
11.3.11 the complex structure Jo corresponds to a point of l)g. Moreover one can easily see 
that the Cartan involution of Jo fixes exactly its isotropy subgroup K with respect to the 
action of Sp(V, Q)(M) on f)g. Since all points of [)g correspond to complex structures con- 
jugate to Jo, the corresponding involutions, which are conjugate by inner automorphisms, 
are the Cartan involutions fixing the respective isotropy subgroups. 

Definition 1.3.11. Let M be a C°° manifold. A Riemannian structure on M is a sym- 
metric tensor field Q of type (0, 2), which yields a positive definite non-degenerate bilinear 
form on Tp{M) for all p G M. 

Definition 1.3.12. Let M be a connected C°° manifold with an almost complex structure 
J. A Riemannian structure (7 on M is a Hermitian structure, if g{J-, J-) = g{-, ■). 

Definition 1.3.13. Let D be a connected complex manifold with a Hermitian structure. 
It is a Hermitian symmetric space, if each point is an isolated fixed point of an involutive 
holomorphic isometry on D. Let B.o\{D, g) denote the Lie group of holomorphic isometrics. 

Moreover let }iol{D,g)~^ be a non-compact semisimple Lie group endowed with an 
involution l, which induces by its differential a Cartan involution on Lie{B.ol{D , g)) , and 
ii'i C B.ol{D,g)~^ be the subgroup, on which l acts as id. The Hermitian symmetric space 
D is a. Hermitian symmetric domain, if the isotropy group K of one point p & D satisfies 
K+ CK C K,. 

Definition 1.3.14. A bounded symmetric domain D is an open, bounded, connected 
submanifold D of C^, which has the property that each p G -D is an isolated fixed point 
of an involutive holomorphic diffeomorphism onto itself. 

Theorem 1.3.15. Each hounded symmetric domain D can he equipped with a unique 
Hermitian metric (called Bergman metric), which turns D into a Hermitian symmetric 
domain. Conversely each Hermitian symmetric domain has a holomorphic diffeomorphism 
onto a hounded symmetric domain. 

Proof. The correspondence between Hermitian symmetric domains and bounded symmet- 
ric domains is given by [23], Theorem VIII, 7.1. The uniqueness of the Bergman metric 
follows from the fact that each holomorphic diffeomorphism between bounded symmetric 
domains is an isometry with respect to the Bergman metric (see [23], Proposition VIII, 
3.5.). □ 

Definition 1.3.16. A Shimura datum {G,h) is given by a reductive Q-algebraic group 
G and a conjugacy class of homomorphisms h : S ^ Gr of algebraic groups satisfying: 

1. The inner automorphism of (ad o h){i) on G^ is a Cartan involution. 

2. The adjoint group G^'^ does not have any direct Q-factor H such the Cartan invo- 
lution of (1) is trivial on iJ]R. 
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3. The representation (ad o h){S) on Lie{G)c corresponds to a Hodge structure of the 
type (1,-1) ©(0,0) ©(-1,1). 

Example 1.3.17. The connected algebraic group GSpq(2(7) is the almost direct product 
of its central torus Gm,Q and its simple derived group SpQ{2g). Hence it is reductive. By 
Construction ll.STT] and Example 11.3.101 we have a conjugacy class of complex structures, 
which corresponds to a conjugacy class of homomorphisms h : S ^ GSpj^{2g) satisfying 
the condition (1) of a Shimura datum. The adjoint group GSp2(,(Q)^'^ = Sp2g(Q)^*^ has 
only one direct simple factor on which the Cartan involution above is not trivial. Hence 
condition (2) of the Shimura datum is satisfied. Since the center of GSpig(2(7) is given 
by Gm,R (see [32], page 66), the kernel of the adjoint representation on Lie{GSp^{2g)) 
of any h{S) in the conjugacy class is given by Gm,R- Since h{a + ib) = aE2g + bJ, each 
g G GSp2g(M) commutes with J, if and only if it commutes with each element of S(]R). 
Hence on the complexified eigenspace (po)c with eigenvalue —1 with respect to the Cartan 
involution, S acts by the characters z/z and z/z. This corresponds to a Hodge structure 
of the type (1, —1) © (0,0) © (—1, 1) on Lie{GSp^{2g)) . Hence condition (3) is satisfied 
and the conjugacy class of : S ^ GSpj^{2g) with ho^i) = Jq is a Shimura datum. 

Remark 1.3.18. Let {G,h) be a Shimura datum. Since G^^ = G/Z{G) and K is the 
centralizer of /i(§), one has G{R)+/{K{R) n G'(M)+) = G^^(M)/adG(i^(M)). 

The Cartan involution mt(ad o h){i) fixes exactly a,(lG{K). By |33], I, Corollary 4.5, 
the subgroups of a connected M-algebraic reductive group on which a Cartan involution 
acts as id are maximal compact. Hence adG'(i^'(]R)) is a maximal compact subgroup. 

Remark 1.3.19. Let (L, h, Q) be a polarized integral Hodge structure of type (1, 0), (0, 1) 
with corresponding complex structure J G Sp2g{^)i where Q is given by (11. 3p . The Cartan 
involution corresponding to J leaves Hg(L, h)^ C Sp]g(2(7) stable. Hence by |i43j Theorem 
I. 4.2, the group Hg(L, /i)k has a Cartan involution and Hg(L, h) is reductive. 

Next we need to recall the definition of a variation of Hodge structures (VHS): 

Definition 1.3.20. Let D be a complex manifold and i? be a ring such that Z C i? C M. 
A variation V of i?-Hodge structures of weight k over D is given by a local system Vr 
of -R-modules of finite rank and a filtration JF* of Vor, by holomorphic subbundles such 
that: 

1. Griffiths transversality condition holds. 

2. (Vj?,p, T*) is an i?-Hodge structure of weight k for all p E D. 

The variation V of Hodge structures is polarized, if there is a fiat (i.e. locally constant) 
bilinear form Q on Vr such that {Vr^p, J-'', Qp) is a polarized i?-Hodge structure of weight 
k for all p E D. 

Theorem 1.3.21. Let h : S ^ G be a Shimura datum, t G N and K denote the centralizer 
of h{S). Then each connected component of D = G(M.)/ K{W) has a unique structure 
of a Hermitian symmetric domain. These domains are isomorphic, where the connected 
component of the group of holomorphic isometrics is given by the quotient of G^{E.) by 
its direct compact factors. Each representation p : Gk GL^(t) yields a holomorphic 
variation (M*,p o h)h^D of Hodge structures on D. 

Proof. (See [13j, 2.1.1.) □ 
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Remark 1.3.22. The Lie group GSp2g(M) has two connected components. One com- 
ponent consists of matrices with positive determinant and the other consists of matrices 
with negative determinant. Hence the corresponding homogeneous space D parametrizing 
the elements of the conjugacy class has two connected components. Since GSp2g(M)"'" is 
a product of Sp2g(IR) and Gm(R)''', where Gm(IR)''' is contained in the stabilizers of all 
points, the corresponding connected homogeneous space may be identified with '^g such 
that the preceding Theorem endows \)g with the structure of a Hermitian symmetric do- 
main. By the natural representation of GSp]R(25f) on M^^, J)^ is endowed with the natural 
holomorphic variation of Hodge structures of type (1, 0), (0, 1). 

1.4 The construction of Shimura varieties 

In the preceding section we have seen that a Shimura datum yields a bounded symmetric 
domain. This is the first step of the construction of a Shimura variety. For completeness 
we sketch the construction of a Shimura variety in this section. But later we will only need 
to use the language of Shimura data and their associated bounded symmetric domains. 

Definition 1.4.1. Let G be a Q-algebraic group. An arithmetic subgroup F of G(Q) is 
a group, which is commensurable with G(Z). 

A subgroup F of a connected Lie group H is arithmetic, if there is a Q-algebraic group 
G, an arithmetic subgroup Fq of G(Q) and a surjective homomorphism rj : G(]R)+ — > H 
of Lie groups with compact kernel such that ^^(Fo) = F. 

The second step of the construction of a Shimura variety is given by the following 
theorem: 

Theorem 1.4.2 (of Baily and Borel). Let D he a hounded symmetric domain, and F he an 
arithmetic suhgroup o/Hol(-D)^. Then the quotient T\D can he endowed with a structure 
of a complex quasi-projective variety. This structure is unique, ifV is torsion-free. 

Proof, (see P3], 2.1.2. (or [4J for the construction of the structure of a complex variety)) 

□ 

Next one needs the ring of finite adele^, which is given by 

p 

where p runs over all prime numbers. Hence A-^ is the subring of Y\ Qp consisting of the 
(op) such that G Zp for almost all Op. Now let (G, h) be a Shimura datum, which gives 
the bounded symmetric domain by a connected component of the conjugacy class D 
of h and K he a. compact open subgroup of G{Kf). 

Definition 1.4.3. Let G be a Q-algebraic group. A principal congruence subgroup of 
G(Q) is 

T{n) := {g G G(Z)\g = Eg mod n} 

for some n G N. A congruence subgroup of G(Q) is a subgroup F containing F(n) such 
that [F : F(n)] < oo for some G N. 

^One reason for the introduction of adele rings is given by the fact that one wants to have canonical 
models of Shimura varieties over number fields in number theory. We do not use this here, but we write 
it down for completeness 
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Lemma 1.4.4. Let K he a compact open subgroup of G{K^). Then T := K {~\ G'(Q) is a 
congruence subgroup ofG{Q). 



Proof, (see [32], Proposition 4.1) □ 

The Shimura variety Sh.K{G, h) is given by the double quotient 

ShK{G,h) := G{Q)\D X G{Af)/K := G'(Q)\(D x {G{Af)/K)). 

Proposition 1.4.5. Let K be a compact open subgroup ofG{A-f), G := G{Q)\G{A^)/ K, 
and Fjg] = gKg^^ fl G{Q)^ for some [g] G G . Then one has 

shKiG,h)= □ r[,]\D+. 

[alec- 

Proof, (see [32], Lemma 5.13) □ 

Hence the preceding proposition and the Theorem of Baily and Borel endow Shj^(G, h) 
with the structure of an algebraic variety. By [32], Proposition 3.2, the surjection G —>■ G^'^ 
maps a congruence subgroup of G onto an arithmetic subgroup of G'^'^. Now we consider 
compact open subgroups with the property that the resulting arithmetic subgroups on 
G'^'^(]R) = B.ol{D~^,g) = Hol(Z^''') are torsion-free. Recall that the structure of a complex 
quasi-projective variety on the quotient of a bounded symmetric domain by a torsion-free 
arithmetic group is unique. If K' C K, we have a natural morphism 

ShKiG,h) ^ShK{G,h). (1.4) 

By the projective limit running over all compact open K C G{A^) proving a torsion-free 
arithmetic group on G"*'^(]R), which is given via (11.41) . we obtain the Shimura varietj{§ 

Sh{G, h) = limShK(G, h). 



1.5 Shimura varieties of Hodge type 

Now we know how to construct a Shimura variety. Hence next we construct the Shimura 
varieties resp., Shimura data, which we will need. 

Definition 1.5.1. A Shimura datum {G,h) is of Hodge type, if there is an embedding 
p : G ^ GSp2c, Q such that one has the Shimura datum of Example 11.3.171 by 

S "-^ Gr ^ GSp2g^R. 

A Shimura variety SH is of Hodge type, if it is obtained by a Shimura datum (G, h) of 
Hodge type. 

From now on we will write K, if mean the algebraic subgroup of Gr given by the 
centralizer of /i(S) resp., h{S^). Moreover for simplicity we will write K instead of ii'(]R) 
by an abuse of notation. In the respective situation the respective meaning will be clear. 

^Some authors denote only Sh(G, h) as Shimura variety. 
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Construction 1.5.2. Let {V, h, Q) be a polarized Q-Hodge structure of type (1, 0), (0, 1). 
The conjugacy class of the representation h : S GSpg^ ^ is the Shimura datum of Exam- 
ple [OTTTl Hence the adjoint representation of § on Lie{MT{V, h))c C Lie{GSp(y, E))c 
induces a Hodge structure of the same type (or of the type (0,0)). Moreover the same 
arguments imply that the inner automorphism corresponding to (ad o h) (i) is a Cartan 
involution on MT^{V,h). Hence MT(V,h) is reductive. Thus it remains to show that 
MT{V, h)^'^ does not have any non-trivial direct Q-factor H on which the Cartan involu- 
tion is trivial: 

Let if be a simple direct Q-factor of MT(V^, h)'^'^ with trivial Cartan involution. We 
have a surjection 

s : MT(\/, h) MT{V, h)'^ ^ H, 

which is obviously a homomorphism of Q-algebraic groups. Hence the kernel of s is 
a Q-algebraic group. The complex structure J, which satisfies that ad(J) is the Cartan 
involution, satisfies that all elements of the adjoint group commute with ad(J). Hence 
J is contained in K^. Thus Lie{H)c is contained in the Lie sub-algebra of Liec(MT{V, h)) 
on which § acts by the character L Hence one has /i(§) C K]^, which implies K = 
MT{V,h) resp., H = {e}. 

Hence we obtain a Shimura datum h : S MT(y, h)^. of Hodge type. 

Lemma 1.5.3. 

Hg(l^, h) = {MT{V, h) n SL(V^))° 

Proof. By the natural multiplication, we have a morphism 

m:Hg(\/,/i) xG^,Q-.MT(\/,/i) 

with finite kernel. The Zariski closure Z of m(Hg(V", h) x G^.q) in MT(V^, h) is an algebraic 
subgroup of MT{V,h). Moreover one has that h(S) C C MTir(\^, /i). Hence Z = 
MT{V,h). 

Since all homomorphisms f : G —y G' of algebraic groups over algebraically closed 
fields satisfy f{G) = f{G) (see P, Satz 2.1.8), we have the equality 

HgQ(V^, h) ■ G„,Q = = MTq(1^, h). 

Now let M G MT(V, /i)(Q) n SL(V)(Q). It is given by a product ■ Mi with e 
G„(Q) and Mi G Hg(V,/i)(Q). Since Hg(V^,/i)(Q) C SL(V)(Q), one concludes G 
Gm(Q) n SL(V^)_(Q) = /i„(Q), where dimV" = n. If and only if G Hg{V, h){Q), one has 
M G Hg(V^, h){Q). Hence by the fact that /in(Q) is finite, one obtains the statement. □ 

Remark 1.5.4. For a polarized Hodge structure of weight 1 of a curve of genus g, we 
have a natural embedding Hg(V, h) C SpQ(25f). Since f^2g{Q) is not a subgroup of Sp2g{Q) 
for g > 1 and for g = 1 one has fi2 C h{S^), we obtain the equality 

Hg(F, h) = MT(V, h) n SL{V) 

only in the case of a genus one curve. 

Remark 1.5.5. Now assume that (y,h,Q) is a polarized Q-Hodge structure of type 
(1,0), (0,1). Since MT{V,h) is reductive and MT{V,h)'^'^^ is semisimple in this case, 
one concludes by Lemma 11.5.31 that MT{V, h)'^^'^ = B.g{V, h)'^'^'^ . Thus one has that 
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MT(V, /i)^'^(M) = B.g{V,h)'"^{R). Hence by the preceding construction Hg(V, /i)^'^(M) 
is the identity component of the holomorphic isometry group of a Hermitian symmet- 
ric domain. The isotropy group of a point is given by a maximal compact subgroup of 
Hg(V, h)^'^{W) fixed by the Cartan involution on Hg(V, h)^ of the corresponding complex 
structure J G Hg(V^, /i)(M). Hence one can consider h\s^ : 5"^ Hg(V, as Shimura 
datum, too. 

Now we construct the holomorphic family of Jacobians over B.g{V, h) {M.) / K corre- 
sponding to the VHS induced by the embedding Hg(V, h) ^ Spq(2(7), where {V, h) is of 
type (1,0),(0,1)@ 

Construction 1.5.6. Let (L, h, Q) be a polarized Z-Hodge structure of type (1, 0), (0, 1) 
with \^ := Lq as before and {f i, . . . , fg, Wi, . . . , lUg} be a symplectic basis of L with respect 
to Q. For example it may be given on L := H^[C, Z), where C is a curve of genus g. One 
has that Hg(V, /i) C Sp(y,Q). Let C Hg(V, /i)(M)+ be the centralizer of /^(^^(M)). Thus 
Hg(V, h){M)~^/K is a Hermitian symmetric domain as we have seen. Consider the linearly 
independent set B = {[wi], . . . , [wg]} C H^'^, which generates the real subvector space W. 
Now iW is obviously generated by {[Jwi], . . . , [Jwg]}- The principal polarization H of 
the Abelian variety A = H^'^/L is given by the corresponding alternating form E = —Q 
as in the proof of Theorem 11.2.71 Since E vanishes on W, the principal polarization H 
given hj H = E{i., .) +iE[., .) vanishes on the complex vector space fl zll^, too. Hence 
W DiW = 0. Thus the fact that Spanj^^v, Jv) is mapped to Spanc{[v]) implies that B is 
a C-basis of H^'^. Hence the period matrix of the corresponding Abelian variety may be 
given by {Z,Eg), where the columns of Z are given by the [vi] in their coordinates with 
respect to B. 

Thus the embedding Vc is given by the matrix {—Eg, Z^y. Since we have a 

holomorphic variation of Hodge structures, this matrix varies holomorphically. Thus the 
period matrices of the corresponding Abelian varieties vary holomorphically, too. Hence 
the corresponding action of L on H^'^ x Hg(V, h){W)/K is holomorphic and we obtain a 
holomorphic family of Abelian varieties over Hg(V, h){Wj/K. 

Now recall that our main interest is not the theory of Shimura varieties, but families 
with a dense set of CM points defined below: 

Definition 1.5.7. Let D be a complex manifold and V be a holomorphic variation of 
rational Hodge structures. A point p & D is a CM point with respect to V, if Vp has a 
commutative Hodge group. 

Let X ^ D he a holomorphic family of complex manifolds. A point p E D is a CM 
point with respect to X, if Xp is a CM fiber resp., Xp has a complex multiplication. 

Now we give criteria for dense sets of CM points, which imply that the family of 
Abelian varieties over Hg(y, h){W)/K of Construction 11.5^ has a dense set of CM fibers: 

Lemma 1.5.8. Let (G, h) denote a Shimura datum. If the connected component G(M)/i^ 
contains a CM point with respect to a VHS induced by some closed embedding G — > 
GL(iy) for some Q-vector space W , then the set of CM points of the same type with 
respect to the same VHS is dense in D. 

^This construction and the rest of this section are similar to §1 with some technical differences. 
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Proof. We have two cases. Assume that G is a Q-algebraic torus. In this case G{M.)/K 
consists of one point. The fact that we have a closed embedding G "—>■ GL{W) imphes 
that the Hodge group of the Hodge structure over this point is a subtorus of the torus G. 

In the other case G is not a Q- algebraic torus. By the assumptions, we have a CM 
point in G(R)/K with respect to the VHS induced by some closed embedding G 
GL(W). This implies that G contains a Q-algebraic torus T such that the conjugacy 
class of h : S ^ G^. contains an element, which factors through T^. By our preceding 
construction, the stabilizer of the CM point [so]k G G(M.)/K is given by SqKsq^. Thus 
one can replace K by SqKsq^. In this case the fact that the VHS is unduced by an 
embedding G ^ GL(W^) implies that the Hodge group of the Hodge structure over 
[e] is a subtorus of T. Hence [e] is a GM point with respect to this VHS, and any 
s G G(Q) C ^(IR) has the property that it is mapped to a GM point, too. By the Real 
Approximation Theorem, G{Q) lies dense in the manifold G{M.) for all connected affine 
Q-algebraic groups G. Since the quotient map is continuous, the set of GM points in 
G{R)/K is dense. □ 

Theorem 1.5.9. Let {G, h) denote a Shimura datum. The set of GM points with respect 
to the VHS induced by some closed embedding G GL(iy) for some Q-vector space W 
is dense in G{M^)/K. 

Proof. By the preceding lemma, we have only to show that there exists one GM point 
on G{M.)/K. By the closed embedding G GL(M^), each Q-algebraic torus of G can 
be identified with a Q-algebraic torus of GL(Vr). Thus the existence of a GM point is 
equivalent to the statement that there is a /i : § ^ Gr in this VHS, which factors through 
a Q-algebraic torus of G. 

Now let T be a maximal (Q-algebraic) torus of G. The centralizers of the maximal 
tori (resp., the Cartan subgroups) of a reductive group are the maximal tori (see [9], IV. 
13.17.). The torus Tk is contained in a maximal torus Tm of Gr, which has the property 
that each point of Tm is contained in the centralizer of Tr resp., in the centralizer of T. 
Thus the torus is in fact maximal in Gr. 

The Cartan subgroups, i.e. the centralizers of the maximal tori, which are the maximal 
tori in our case, are conjugate (see [H], IV. 12.1.). The stabilizer of the point given by h 
in Gk/K is the centralizer K of /i(§). The center of K, which is a torus contained in a 
maximal torus Ti, contains obviously /i(§) resp., we have a maximal torus Ti containing 
h(S), where Ti C K. Thus by the fact that Ti is conjugate to by some element Sq 
and our preceding construction, the Hodge group of Sqo K E G{M.)/K is a subtorus of T. 
Hence sq o -ft' is a GM point. □ 
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Chapter 2 

Cyclic covers of the projective line 



2.1 Description of a cyclic cover of the projective line 

Let us first repeat some known facts about Galois covers of P^. 

Definition 2.1.1. Let Ti, T2, and 5" be topological spaces resp., complex manifolds resp., 
algebraic varieties. The coverings /i : Ti — S" and /2 : ^2 S, which are morphisms in 
the respective category, are called equivalent, if there is an isomorphism (7 : Ti — > T2 in 
the respective category such that /i = /2 o 9- 

Proposition 2.1.2. Let G be a finite group, and S := {ai, . . . , a„} C A-*^ C P^. There is 
a correspondence between the following objects: 

1. The isomorphism classes of Galois extensions of <C{¥^) = C{x) with Galois group 
G and branch points contained in S . 

2. The equivalence classes of (non-ramified) Galois coverings f : R ^ F-^ \ S of topo- 
logical spaces with deck transformation group isomorphic to G. 

3. The normal subgroups in the fundamental group 7ii {F^ \ S) with quotient isomorphic 
to G. 

Proof, (see [HI], Theorem 5.14) □ 

Remark 2.1.3. We will need to understand the correspondence of the preceding Proposi- 
tion. The correspondence between (1) and (2) is given by the facts that a Galois covering 
f : R —>■ F^ \ S (of topological spaces) yields a covering / : ^ P^ of compact Riemann 
surfaces, and any morphism of compact Riemann surfaces corresponds to an embedding 
of their function fields. 

The correspondence between (2) and (3) is given by the path lifting properties of 
coverings of Hausdorff spaces. Take b E R. Let p = f{b), and 7 G vri(P^ \ S,p), and 
/*(7(0)) = b. Then f*{-f{l)) = g ■ b ioi some g e G ^ Deck(i?/(pi \P)). This induces 
a homomorphism $5 : vri (P^ \ S,p) G and hencefore a kernel of this homomorphism, 
which is a normal subgroup. 

Remark 2.1.4. Let / : i? ^ P^ be a Galois covering with branch points ai,...,an. 
One can choose 71, . . . ,7„ G 7ri(P^ \ P) such that each 7^ is given by a loop running 
counterclockwise "around" exactly one a^. Hence one has that 

7n = 7r^---7^^-i 
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and we conclude that 

Mln) = $6(71)"^ • • • *fe(7n-l)"^- 

From now on we consider only irreducible cyclic covers of P^. An irreducible cyclic 
cover can be given by a prime ideal 

- (x - a^y^ • . . . ■ (x - anY-) C C[x,y]. 

First this ideal defines only an affine curve in A^, which has singularities, if there are some 
dk > 1- But there exists a unique smooth projective curve birationally equivalent to this 
affine curve. By the natural projection onto the x-axis, one obtains a cyclic cover of the 
birationally equivalent projective smooth curve onto P^. 

Remark 2.1.5. Let us consider the cover given by 



and fix a fco ^ {!,... n}. By an automorphism of P^, one can put Ofcg onto 0. Let 
/^fco = ^ £ Q) and D a small disc centered in 0, which does not contain any other 
with k 7^ /cq. Take any point p G dD and remove the line [0,p]. The topological space 
D \ [0,p] is simply connected. Hence one can define root functions z — > z'^'^o on this space. 
These functions on D\ [0,p] are given by: 

^Mfco = [zl^fco expf ^^^^*^^" + 27rz— ) (with £ = 0, 1, . . . , m — 1 and z = \z\exp(2mt)) 
m m 

Since the cover is given by y"^ = x'^'^o resp., y = x^'^o over a small disc around 0, we may 
lift a closed path around to some path with starting point (2;, z^'-'o ) and ending point 

Definition 2.1.6. Let e^'^^^'^o and dk^ be given by Remark [2. L 51 Then e^'^*'^*o is the local 
monodromy datum of dk^. 

Lemma 2.1.7. Assume that di,...,dn < m. Let the (non-singular projective) curve C 
be given by 

y"^ = {x-a,Y^-...-{x-a^Y". 
Then the Galois group G is {m), and the covering G is given by the kernel of the 

n 

homomorphism given by '~fk ~^ dk & Z/(m). // and only if m does not divide ^ dk, the 

k=l 

point 00 is a branch point and 

n 

7oo — >■ — dk mod m. 

k=l 

Proof. The last statement of the lemma follows by the preceding rest of the lemma and 
the Remark 12.1.41 

The Galois group and Z/ (m) are obviously isomorphic. Let us remove the ramification 
points of G. Then we obtain a Riemann surface R. Now take a small loop 7^ around pk, 
which starts and ends in p G P^. Now take a point b & R with f{b) = p. The definition of 
R and Remark 12.1.51 imply that the lifting f*{'jk) of the path 7^ starting in b ends in the 
point dk ■ b. Hence the statement follows from Proposition 12.1.21 resp.. Remark 12.1.31 □ 
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Let d E Tj and 1 < m G N. The residue class of d in Z/(m) is denoted by [d]m- 

Remark 2.1.8. Let G = Z/(m), and [d]m G Z/(m)*. We consider the kernels of the 
monodromy representations of the covers locally given by 

y^ = {x- aif^ ■ . . . ■ (x - an)''" 

and 

By the preceding lemma, these kernels coincide. Hence we conclude that both covers are 
equivalent. 

2.2 The local system corresponding to a cyclic cover 

Now let us assume that our cover tt : C ^ P"*^ is given by 

where m divides di + . . . + dn and oo is not a branch point. Moreover let 

S := {ai, . . . ,a„}. 

First let us consider the construction of a cyclic cover of an arbitrary algebraic manifold: 

Definition 2.2.1. Let X be a complex algebraic manifold, C an invertible sheaf on X 
and 

a normal crossing divisor on X, where £™ = 0{D) and < 6^ < m for each k. Then by 
C and one can construct a cyclic cover of degree m onto X (see [16], §3). The number 
hk is called the branch index of with respect to this cyclic cover. 

Example 2.2.2. In the case of 

n 1 " 

X = ¥\ D = J2dkak, /: = Opi(-^4), 

k=l k=l 

the cyclic cover of the preceding definition is given by 

y- = (x-ai)'^i-...-(x-a„)'^". 
Next we describe the local system 7r^,(C)|pi\5 and its monodromy. 

Lemma 2.2.3. Let V be a C-vector space of dimension n, and X he an arcwise connected 
and locally simply connected topological space with x G X. Then the monodromy repre- 
sentation provides a bijection between the set of isomorphism classes of local systems of 
stalk V and the set of representations 

7ri(X,a;)^GL„(C), 

modulo the action o/Autc(l^) by conjugation. 
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Proof, (see [50j, Remark 15.12) 



□ 



Since GLi(C) = C* is commutative, we can conclude: 

Corollary 2.2.4. The monodromy yields a bijection between the set of isomorphism 
classes of rank one local systems on P-"^ \ 5* and the set of representations 

7ii{F^\S) GLi(C). 

The Galois group of our covering curve is isomorphic to 'L/{m) and generated by a 
map if), which is given by {x,y) (x, e^'^*^?/) with respect to the above afiine curve 
contained in A^, which is birationally equivalent to the covering curve. Hence a character 
X of this group is determined by with xi}P) ^ {e^'^*™ |j = 0, 1, . . . , m — 1}. Thus 
the character group is isomorphic "Ljim) and we identify the character, which maps to 
e^^^m, with j G Z/(m)Q 

Let D be an arbitrary disc contained in \ S. The preimage of D is given by the 
disjoint union of discs with r = 0, l,...,m — 1 such that ip{Dr) = -D[r+i]^. The vector 
space 7r*Cc|pi\5(-D) has the basis {vj\j = 0, 1, . . . , m — 1}, where 

Vj := [e ra ,...,e™,l), 

and the r-th. coordinate denotes the value of the corresponding section of ti~^{D) on D^. 
By the push-forward action, each Vj is an eigenvector with respect to the character given 
by j. Since D is arbitrary, one can glue the local eigenspaces, and obtain an eigenspace 
decomposition 

m— 1 

vr*Cc|pi\5 = ^H-j 

j=0 

into rank 1 local systems, where is the eigenspace with respect to the character given 
by j G 'Ljim). Hence the monodromy representation p : 7ri(P-'^ \ S) ^ GLmiC) has the 
corresponding decomposition 

m—l 

P = (Po,Pi, • • • ,Pm-i) : T^iiX) Yl GLi(C), 

i=0 

where 

:7ri(pi\5)^GLi(C) 

is the monodromy representation of for all j = 0, 1, . . . , m — 1. 
Let us recall that our cyclic cover C is given by 

l/'" = (x-aO'^V..(x-a„)'^", 

where oo is not a branch point. Now let x G P^ \ S", and x G -D, where D is a sufficiently 
small open disc as above. Take a counterclockwise loop around with 7^(0) = 7a:(1) = 
X and cover the loop with a finite number of (sufficiently) small discs. The continuation of 
s on the unification of these discs leads to a multi-section. By Remark I2.1.5[ the possible 
liftings 7^^^'' of the loop 7^ are paths with starting point "yk\o) = Vr, where yr G D,. and 
ending point 7fc'^'*(l) = ^[cZfc+r]™,- This implies that the monodromy representation of hj 
maps 7fc to . Hence we conclude: 

^These two identifications with Z/{m) are obviously not canonical, but useful for the description of 
7r*Cc|pi\s by using our explicit equation for tt : C — > as we will see a little bit later. 
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Theorem 2.2.5. Let the cyclic cover tt : C P^, which is not branched over oo, be given 
by 

y- = (x-al)'^^..(x-a„)'^". (2.1) 

Then the local system 7T^C\f>i\s given by the monodromy representation 

27vijdj^ 

Remark 2.2.6. One can consider vr^,(Q(e^'^*^))|p\5, too. Since a generator of Gal(C; P^) 
satisfies ijj"^ = 1, the minimal polynomial of its action ))|p\5 decomposes 

into linear factors contained in Q(e2^^™ ) [x]. Hence the eigenspace decomposition is defined 
over Q(e2''^-). 

Each local system L of C-vector spaces on any topological space X has a dual local 
system given by the sheafification of the presheaf 

Proposition 2.2.7. One has 



Furthermore the monodromy representation ofV^ is given by /iLv(7s) = /^l (Ts) for 
all s G S. 

Proof, (see [I5], Proposition 2) □ 

Hence by the respective monodromy representations, we obtain for all j = 1, . . . , m — 1: 
Corollary 2.2.8. 

Let r\m. We consider the C-algebra endomorphism $r of y] given by a; x and 
y y"^ . The (non-singular) curve C is birationally equivalent to the affine variety given 
by Spec(C[x, ?/]//), where 

I={y^-{x-a,Y^...{x-anY-). 

By we obtain the prime ideal 

$;i(/) = (y^ - (a; - aiY^ . . . (x - a„)'"). 

Let Cr be the irreducible projective non-singular curve birationally equivalent to the affine 
variety given by Spec(C[x, ?/]/$7^(/)). 

Remark 2.2.9. By the equation above, we have a cover Tr^ : C,. — > P^ of degree ^. The 
homomorphism $r induces a cover 0,. : C ^ of degree r such that 

Proposition 2.2.10. 

m -j^ 

r 

(7rr)*CcJpi\5 = ^ Lr.j C 7r*Cc|pi\5- 

i=o 

Proof. Let mo := By Theorem 12.2.51 the monodromy representation of the local 
system (vr^)*Cc,.|pi\{ai,...,a„} is given by 

Ik {(xj)j=o,i...,^-i ^ (e "0 Xj)j=o,i...,f-i = (e^^a;j)j=o,i...,f-i}- 

By the respective monodromy representations of the local systems Lj, this yields the 
statement. □ 
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2.3 The cohomology of a cover 

In this section we discuss some known facts about the eigenspace decomposition of the 
Hodge structure of a curve C with respect to a cychc cover vr : C P^. The main 
reference for this section is given by §3 of the book [TUj of H. Esnault and E. Viehweg. 
Section 2 of the essay [T?| of P. Dehgne and G. D. Mostow contains additional information 
about our case. 

Let TT : C ^ be given by 

such that oo is not a branch point, 

d -\- -\- d ""''^ ■ 

5 = {ai, . . . ,a„}, D = diai + . . . + d^an and C^'^^ := 0^i{j — ^-Y^l— ■4])- 

k=l 

Moreover let the generator tp of the Galois group of vr be given by (x, y) {x, e^'^*™?/) 
with respect to the explicit equation above, which yields vr. 

We fix some new notation: Let [g]i '■= q — [q] for all g G Q. Moreover we define 

Sr-= {aeS\[jfia]ij^O}. 

Proposition 2.3.1. The sheaves vr^,((9) and tt^:{uj) have a decomposition into eigenspaces 
with respect to the Galois group representation, which are given by the sheaves C^^^ and 



Uj := u;pi(logD(^)) ® with D^^^ := ^ 



a 

aeSj 

for j = 0, 1, ... ,m — 1 such that ip acts via pull-hack by the character e^'^*™ on C^^^ 
resp., ujj. 

Proof. The eigenspace decomposition of it^{0) follows by [16], Corollary 3.11. Moreover 
[16j . Lemma 3.16, d) yields the decomposition of 7r*(a;) into the claimed sheaves. Since 
C'^^'> is an eigenspace with respect to the Galois group representation, ujj is an eigenspace 
of the same eigenvalue. □ 

Remark 2.3.2. One has obviously h^{uJo) = 0. By [T6], 2.3, c), one concludes that 

ajpi(logZ^(^')) =u;pi(Z^(^')) 

for j = 1, . . . , m — 1. Hence for j = 1, . . . , m — 1 we obtain 

h\u,) = h\0^.{-2 + deg{D^^^) - /i + • • • + ^+3 ^ y.^ . ^^^^^ 

m ^-^ m 

k=l 

= -1 + |S',-| + 5^(-J/ia + [jf^a]) = -1 + 5^(1 - [j/ia]l). 
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But here we want to determine our eigenspaces on 7r,,(u;c) with respect to the push- 
forward action. Thus we put cu^^^ := uj[m-j]^, and we obtain 

Moreover let H^'^iC) denote the vector space of antiholomorphic 1-forms on C with 
respect to the corresponding character of the Galois group action. Since the push-forward 
action of the Galois group respects the alternating form of the polarization of the Hodge 
structure on H^{C,Z), one concludes that H'^^_^j^{C) is the dual of Hj'^{C). Thus: 

Proposition 2.3.3. We have the eigenspace decomposition 

m—l 

H\C, C) = H}{C, C) with H]^\C) ® H^'\C) = Hj{C, C). 
j=i 

Moreover by h^j'^{C) = preceding calculations, one concludes: 

Proposition 2.3.4. We have 

h^iC) = Y^ljfish - 1, and hf{C) = ^(1 - - 1. 

The preceding two propositions imply: 
Corollary 2.3.5. 

h]{CX) = \Sj\-2 

2.4 Cyclic covers with complex multiplication 

Let us now search for examples of covers of with complex multiplication. The family 
given by 

p2 3 - xi{xi - xo){xi - aixo) . . . (xi - am-sxo)) 

^ (ai, . . . , a„_3) e (A^ \ {0, l}r-^ \ {a, = a,\t ^ j} 

has obviously a fiber isomorphic to the Fermat curve F.^, which is given by y(?/™' + a;'^ + l) 
and has complex multiplication (see [12] and For another family with a fiber with 

complex multiplication, we must work a little bit. 

Lemma 2.4.1. If{V,hi) and {W,h2) are two Q-Hodge structures of weight k, then 

Hg(y ®W,hi® h^) C Hg(l^, hi) X Hg(iy, h2) C Gh(y) X GL(W^) c GL(F © W), 
and the projections 

Hg(\/ ®W)-^ Hg(\/), and Hg(\/ ®W) ^ Hg(iy) 

are surjective. 

Proof, (see [17], Lemma 8.1) □ 
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Lemma 2.4.2. Let V (Z W be a rational sub-Hodge structure of a polarized Hodge struc- 
ture W . Then we have a direct sum decomposition 

w = v®v', 

where V is also a rational sub-Hodge structure ofW. 

Proof, (see [SH], Lemma 7.26) □ 

Lemma 2.4.3. A curve C , which is covered by the Fermat curve given by V{x^ + 
ytn _|_ ^ p2 some 1 < m e N, has complex multiplication. 

Proof. A covering — > C yields an inject ive vector space homomorphism 

which extends to an embedding of Hodge structures (see [SO], 7.3.2 for more details). This 
embedding induces a direct sum decomposition into two rational sub-Hodge structures of 
if^(Fm,Q) (see Lemma [2. 4. 2p . Hence by Lemma [2.4. II and the fact that F.^ has complex 
multiplication, one obtains the statement. □ 

Theorem 2.4.4. Let < di,d < m, and C,k denote a primitive k-th. root of unity for all 
/c G N. Then the curve C , which is given by 

n-2 
i=l 

is covered by the Fermat curve F(„_2)m given by V^(?/("-~2)m. _|_^(n-2)m _|_ j^-j complex 
multiplication. 

Proof. Let C be the curve, which is given by 

n-2 
1=1 

and : be the morphism, which is given by ?/ — > yx"^^ and a; — > x"*. By 

a little abuse of notation, we denote by C fl A^ the singular affine curve given by the 
equation above, which is birationally equivalent to C. The corresponding homomorphism 
(p* : C[x, y] C[x, y] sends the ideal, which defines C fl A^, to the ideal generated by 

n-2 



m^m-di ^m-di (x™ ^'^ 



y X ' - X ll[x -^„_2 

i=l 



This is contained in the ideal generated by 



n-2 



y^-n^^'-^-^)"- (2-2) 



i=l 

Let mo := ^^^^ , and do := ^^^^'^ . It is obvious that 

n-2 gcd{m,d)-l n-2 

i=l j=0 i=l 
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Now we take the curve Ci, which is given by 

n~2 

ymo = Ylix"' - en-2y' ■ 
i=l 

By the definitions of mo and do, and Remark 12.1.81 the curve Ci is given by 

n-2 
i=l 

too. Hence this curve irreducible, and induces a cover Ci ^ C resp., 0* induces a 
C-algebra homomorphism C[C fl A^] — >■ C[Ci fl A^]. By x ^ x and y ^ we get 

a cover of the Fermat curve F(„_2)m given by V^(y("~2)m _|_ ^(n-2)m _|_ j^-j onto Ci. Now we 
use the composition of these covers F(„_2)m Ci and Ci C, and Lemma I2.4.3[ This 
yields the statement. □ 
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Chapter 3 

Some preliminaries for families of 
cyclic covers 

3.1 The theoretical foundations 

We want to study the variations of Hodge structures (VHS) of the famihes of cychc covers 
onto P^, which will be constructed in the next section. Hence let us first make some general 
observations about the relation between their monodromy groups and Hodge groups resp., 
Mumford-Tate groups, which will be needed for the calculation (of the derived group) of 
the generic Hodge group defined below. 

Proposition 3.1.1. Let F be a totally real number field, W be a complex connected 
algebraic manifold, A W be a family of Abelian varieties andV be its polarized variation 
of F -Hodge structures of weight 1 on W . Then there is a countable union W' C W of 
subvarieties such that all MT(Vp) coincide (up to conjugation by integral matrices) for all 
(closed) p eW\W'. Moreover one has MT(VpO C MT(Vp) for all (closed) p' E W and 
peW\W'. 

Proof, (see [HI], Subsection 1.2) □ 

The preceding Proposition motivates the definition of the generic Mumford-Tate group 
of a polarized variation V of Z-Hodge structures of weight k on a non-singular connected 
algebraic variety W given by MT(V) = MT(Vp) for all (closed) peW\W'. 

Since the image of the embedding SL(V(Q,p) ^ GL(V(Q,p) is independent with respect to 
the chosen coordinates on Vq^p, Lemma Tl . 5 . 31 allows us to define the generic Hodge group 
Hg{V) := (MT(V) H SL(V))°'such that Hg(V) = Hg(Vp) for all (closed) peW\W'. 

Definition 3.1.2. Let Q C C M be a field and V = {Vk, Q) be a polarized variation 
of K Hodge structures on a connected complex manifold D. Then Mon^j^(V)p denotes 
the connected component of identity of the Zariski closure of the monodromy group in 
GL((Vx)p) for some p E D. For simplicity we write Mon°(V)p instead of MonQ(V)p 

Theorem 3.1.3. Keep the assumptions and notations of Proposition W.l . 1\ One has that 
Mon^(V)p is a subgroup of yW^"^ iVp) for all p eW \ W . Moreover for a variation ofQ 
Hodge structures one has that Mon°(V)p is a normal subgroup of MT^'^^ (Vp) and 

Mon°(V)p = MT^'^'iVp) 

for allp eW \ W , if Vq has a CM point. 
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Proof, (see [35], Theorem 1.4 for the statement about the variations of Q Hodge structures 
and [31], Properties 7.14 for the statement about the variations of F Hodge structures) □ 

Corollary 3.1.4. Keep the assumptions of Theorem \3. 1.3[ Then the group Mon°(V) is 
semisimple. 

Proof. The Lie subalgebra Lze(MonQ(V)R) of Lie{MTQ^ {V)r) is an ideal. Hence the al- 
gebra Lze(MonQ(V)iR) consists of the direct sum of simple subalgebras of Lze(MTQ^''(V)R). 
Thus MonQ(V)iR and hence Mon°(V) is semisimple. □ 



3.2 Families of covers of the projective line 

Let S be some C-scheme. Recall that the covers ci : Vi Fg and C2 : V2 — ^ P5 are 
equivalent, if there is a S'-isomorphism j : Vi ^ V2 such that ci = C2 o j. 

In this section we construct a family of cyclic covers onto such that all equivalence 
classes of covers with a fixed number of branch points with fixed branch indeces are 
represented by some of its fibers. For us it is sufficient to start with a space, which is 
not a moduli scheme, but whose closed points "hit" all equivalence classes of covers of 
with Galois group G = (Z/m, +) and a fixed number of branch points with fixed branch 
indeces. 

We can start with the space 

(pl)™+3 3 ,= (pl)n+3 y ^ ^^.|,^ _^ 

which parameterizes the injective maps (p : N ^ P^, where := {si, . . . ,s„+3}. Thus 
a point q G Vn corresponds to an injective map One can consider Vn as 

configuration space of n + 3 ordered points, too. 

We endow the points Sfc G iV with some local monodromy data = e^'^*^'=, where 

n+3 

/ifc G Q, < /ifc < 1 and ^ /ifc G N. 

k=l 

Now we construct a family of covers of P^ by these local monodromy data: 

Construction 3.2.1. Let m be the smallest integer such that m/ife G N for A; = 1, . . . , n-|- 
3, and Dk C Pp„ := P^ x P„ be the prime divisor given by 

Dk = {{dk, 0-1, ■ ■ ■ ydk, ■ ■ ■ , '^n+3)}- 

Let D be the divisor 

n+3 n+3 

D := mfikPk ~ rnDo with Dq := (^/ife) • ({0} x Vn)- 

k=l k=l 

By the sheaf C := Op^ (Dq) and the divisor D, we obtain an irreducible cyclic cover C 
of degree m onto Pp„ as in [16], §3 (where irreducible means that the covering variety is 

^The set N is some arbitrary finite set, where the set S of the preceding chapter is a concrete set 
C given by S' = 4>q{N) for some q eVn- 
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irreducible). By it : C ^ f-^ x Vn ^ Vn, this cyclic cover yields a family of irreducible 
cyclic covers of degree m onto P^. 

Suppose that r divides m. By taking the quotient of the subgroup of order r of the 
Galois group of the cyclic cover C ^ x P„, one gets a family tTj. : Vn of cyclic 

covers of degree ^ onto P^. Let (pr '■ C ^ Cr denote the quotient map. One has 

TT = -Rr O (f)j.. 

Remark 3.2.2. Without loss of generality one may assume that g := (ai, . . . , a^+a) G P„ 
is contained in A""'"'^, too. Thus the fiber Cq is given by the equation 

with dk = m^k- By Remark 12. 1.5[ the local monodromy datum ak describes the lifting of 
a path 7fc around G P^|§ One checks easily that each equivalence class of cyclic covers 
of degree m with n + 3 branch points and fixed branch indexes di, . . . , dn+3 is represented 
by some fibers of C. Moreover for C = Cq the quotient Cr of Remark 12.2.91 is given by the 
fiber {Cr)q. 

A family of smooth algebraic curves over C determines a proper submersion t : X ^ Y 
in the category of differentiable manifolds (follows by |50j, Proposition 9.5). By the 
Ehresmann theorem, we obtain that over any contractible submanifold WofY the family 
is diffeomorphic to Xq x W, where Xq is the fiber of some point G W. This fact has 
some consequences for the monodromy representation of its variation of integral Hodge 
structures. 

It is a well-known fact that R^t^,{'L) is the sheaf associated to the presheaf 

V H\r-\V),Zl-.^y^) (V VeTop{Vn)). 

Moreover we have 

H\Xq,Z)=H\Xw,'L) = {R^T,{Z)){W) 

for some contractible W G Vn with G W, which implies that B}t^:{Ij) is a local system 
(see [50], 9.2.1). 

By using these facts, one can easily ensure that the monodromy group of the VHS of 
a family of curves can be calculated over any arbitrary field Q C K C C: 

Lemma 3.2.3. Let K he a field with char{K) = 0. Moreover let t : X ^ Y be a 

holomorphic family of curves. Then we obtain 

Proof. By [22], HI, Proposition 8.1, the sheaf R^t^:{K) is given by the sheafification of 
the presheaf 

V^H\t-\V),K\,-.^v)) (V VeTopiY)). 

Hence by the description of the cohomology of a compact manifold by Cech complexes 
(see [5^, 7.1.1), this presheaf is given by 

V ^ H\T~\V),Z\r-i^v))®i.K (V VeTopiY)). 

By the fact that a local section of Z or i^' on a connected component of V resp., t~^{V) 
is constant, one does not need to differ between the locally constant sheaves given by Z 
resp., i^T on X or y for the computation of R^t^:{K). Hence by using [22], III, Proposition 
8.1 for i?^r^,(Z), one obtains the desired identification. □ 

^This circumstance explains the term "local monodromy datum". 
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By the fact that the integral cohomology of a curve does not have torsion, one con- 
cludes: 

Corollary 3.2.4. Keep the assumptions of Lemma \3.2.3[ Then the monodromy repre- 
sentations of R^t^:{Ij) and R^t^{K) coincide. 

Remark 3.2.5. Recall the we have an eigenspace decomposition of 

H\CqX) = H\Co,Z)®€ 

with respect to the Galois group action. By if^(Co,C) = (i?^7r*(C))(Vr) for some con- 
tractible W C Vn with G W, we obtain an eigenspace decomposition of {R^n^:{C)){W). 
Since we have this decomposition over all contractible W C Vn, we can glue these 
eigenspaces, which yields a decomposition of the whole sheaf R^7i^:{C) into eigenspaces 
with respect to the Galois group action. 

Recall that we have an identification between the characters of the Galois group of some 
fiber and the elements j G Z/(m). This identification allows a compatible identification 
between the characters of the Galois group of the family and the elements j G Z/(m). 
Let Cj denote the eigenspace of R^n^^C) with respect to the character j. 

Remark 3.2.6. Let G P„. We have a monodromy action pc by diffeomorphisms on 
the fiber Co, which is induced by the glueing diffeomorphisms of the locally constant 
family of manifolds given by C. Since these glueing differeomorphisms induce the glueing 
homomorphisms of R^tt^{'L) in the obvious natural way, the monodromy representation p 
of R^tt^{7j) is given by 

p{im = {pcmM (V veH\c,,z)). 

Remark 3.2.7. Since each glueing diffeomorphism of the locally constant family of man- 
ifolds corresponding to C respects intersection form. Remark 13.2.61 implies that the mon- 
odromy group of /2V*(C) respects the polarization of the Hodge structures. Assume 
that Hj{Cq,C) = {Cj)q satisfies that Hj'^{Cq) = ui and Hj'^{Cq)2- This means that 
the variation of integral polarized Hodge structure endows {Cj)q with an Hermitian form 
with signature (ni,n2). Hence the monodromy group of this eigenspace is contained in 
U{ni,n2). In this sense we say that Cj is of type (ni,n2). 

3.3 The homology and the monodromy representa- 
tion 

In this section we study the monodromy representation of 7ri('P„) on the dual of i?^7r*(C) 
given by the complex homology. This will yield corresponding statements for the mon- 
odromy representation of i?^7r^,(C). 

In the case of the configuration space of n + 3 points, we make a difference between 
these different points. One says that the points are "colored" by different "color" . More- 
over one can identify its fundamental group with the subgroup of the braid group on n + 3 
strands in P^, which is given by the braids leaving the strands invariant (see PD], Chapter 
I. 3.). This subgroup of the braid group is called the colored braid group. An element of 
this group is for example given by the Dehn twist T^^^fc^ with 1 < ki < k2 < n + ?>. The 
Dehn twist Tk^^k2 is given by leaving "run" counterclockwise around a^^. 



40 



Now we consider a fiber C = Cq of C. Recall that C is a cyclic cover of described 
in Chapter 2. 

Consider the eigenspace hj, which can be extended from a local system on \ 5 to a 
local system on P^ \ Sj with Sj = {ai, . . . , an +3}. For simplicity one may without loss of 
generality assume that anj+3 = 00 and G M such that < a^+i for all A; = 1, ... , nj+2. 
Here we assume that Sk is the oriented path from ak to ak+i given by the straight line. 

Construction 3.3.1. Let ( he a. path on P^. Assume without loss of generality that 
C((0, 1)) is contained in a simply connected open subset [/ of P^ \ S. Otherwise we 
decompose ( into such paths. It has m liftings . . . , C^™"^) to C such that tp{C^^^) = 
,^([^-i]m)_ gy ^]-^g tensorproduct of C with the free Abelian group generated by the paths 
on C, one obtains the vector space of C-valued paths on C. Now let c G C and take the 
linear combination of C-valued paths on C given by 

By the assumptions, one verifies easily that V'(C) = e^'^*™^. Moreover by the local sections 
given by c, . . . , ce *™ , . . . , ce ^ on the corresponding sheets over U containing the 
different C^^\{0, 1)), one obtains a corresponding section c G hj(U). In this sense we have 
a Lj-valued path c ■ C on P-*^. 

Remark 3.3.2. Consider the (oriented) path Sk- Let Cfc be a non-zero local section of hj 
defined over an open set containing Sk{{0, 1)). The L^-valued path Ck-Sk yields an element 
[cfc • Sk] of the homology group of Hi{C,C), which is represented by the corresponding 
linear combination of paths in C lying over 6k- It has the character j with respect to the 
Galois group representation. Let Hi{C,C)j denote the corresponding eigenspace. 

Definition 3.3.3. A partition of Sj into some disjoint sets S^^^ U . . . U = Sj is stable 
with respect to the local monodromy data /i^ of L^, if 

Theorem 3.3.4. Assume that Sj = {a^ : i = 1, . . . , rij + 3} has the stable partition 
{ai, . . . , a£+i}, {a£+2, . . . , 0^ +3} for some 1 < i < Uj + 1. Then the eigenspace Hi{C, C)j 
of the complex homology group of C has a basis given by 

B = {[ekSk] : k = !,...,£} U{[ekSk] : k = £ + 2, . . . ,n, + 2}. 

Proof. By [30], Lemma 4.5, one has that {[cfc^fc] : = 1, . . . , nj + l} is a basis of Hi{C, C)j. 
Hencefore {[6^5^] : = 1, . . . , -|- 2} is linearly dependent. 

One can compute a non-trivial linear combination, which yields 0, in the following 
way: Choose a non-zero section of hj over 

nj+2 

U = F'\{[j6k). 

k=l 

This yields a linear combination of the sheets over U, on which ip acts by j. By the 
boundary operator d, one gets the desired non-trivial linear combination of L^-valued 
paths, which is equal to 0. Now let ak denote the local monodromy datum of hj around 
ak G Sj for all A; = 1, ... , nj+3. By the local monodromy data, one can easily compute this 
linear combination. This computation yields that {61, . . . , 5£}[J{6£+2, ■ ■ ■ , Sn +2} is linearly 
independent, if and only if {ai, . . . , a^+i}, • • • , dnj+s} is a stable partition. □ 
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Let ak denote the local monodromy datum of Lj around G 5^ for all /c = 1, . . . , rij + 
3. One has up to a certain normalization of the basis vectors [ci^i], . . . [ei5„ .+1] the 
following description of the monodromy representation: 

The Dehn twist T^^k+i leaves obviously 6^ invariant for all \k — i\ > 1. Moreover by 
following a path representing Tk^k+i, one sees that the monodromy action of T^^k+i on 
Hi{C,C)j (induced by push-forward) is given by 



[ek-i5k- 



[efc__i(5fc_i] + ak{l - ak+i)[ekSk 



[ekh] akak+i[ek5k] 
and [efc+i4+i] [ek+iSk+i] + (1 - ak)[ekSk]- 
Hence the monodromy representation is given by: 

Proposition 3.3.5. The monodromy representation o/T^^^+i on Hi{C,C)j is given with 
respect to the basis {[ekSk]\k = 1, . . .nj + 1} of Hi{C,C)j by the matrix with the entries: 



M, 



e,e+i 



[a,b) 



1 

1- ae 




a = b and a i 
a = b = i 

a = i and b = i — 1 
a = i and b = i + 1 
elsewhere 



Remark 3.3.6. The monodromy representation of Proposition 13.3.51 corresponds to an 
eigenspace in the local system given by the direct image of the complex homology. By 
integration over C- valued paths, this eigenspace is the dual local system of Cm-j- By the 
cup-product, Cj is the dual of Cm-j, too. Hence Proposition 13.3.51 yields the monodromy 
representation of Cj. 
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Chapter 4 



The Galois group decomposition of 
the Hodge structure 

In this chapter we make some general observations of the VHS oiC Vn and its generic 
Hodge group. Moreover we will give an upper bound for the Hodge group and a sufficient 
criterion for dense sets of complex multiplication fibers. 

4.1 The Galois group representation on the first co- 
homology 

Let vr : C ^ be a cyclic cover of degree m. The elements of Gal(7r) act as Z-module 
automorphisms on H^[C,'L). This induces a faithful representation 

: Gal(7r) ^ G\.{H\C, Q)). (4.1) 

By the Galois group representation of a cyclic cover of degree m, we have the following 
eigenspace decomposition: 

m— 1 

H\C, Q) ® Q(0 = H\C, Q(0) = H]{C, Q(0) 

i=l 

Recall that vr : C — > is given by some fibers of a family ir : C ^ Vn- The monodromy 
representation of R^tt^{C) has a decomposition into subrepresentations on the different 
eigenspaces. In general there is not a Q(.^) structure on H^{C, Q), which turns H^{C, Q) 
into a Q(,^)-vector space. But in this section we will see that H^{C,Q) has a direct 
sum decomposition into sub-vector spaces with different Q(^'') structures, where r\m. 
Moreover we will see that the monodromy representation respects the different Q(^^) 
structures, which we will study. 

Let ip denote a generator of Gal(7r) as in Chapter 2. The characteristic polynomial of 
p^{ip) decomposes into the product of the minimal polynomials of the different C,^, where 
r|m and ^ is a m-th. primitive root of unity. By [28], Satz 12.3.1., we have a decomposition 
of H^{C, Q) into subvector spaces such that the Q- vector space automorphism 

^In the next section we will see that there is a correspondence between the covers C,- and the subvector 
spaces N^{Cr,'Q), which justifies this notation. 
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p^('0)|jvi(c^,Q) is (up to conjugation) given by a matrix 

/ M \ 



V 

where M is the k x k matrix given by 







M 



J 



/ 
1 



M = 



..0 -po \ 
. . -pi 

1 ■-. -P2 



\0 







1 / 

where x'' + pk-ix'^~^ + ■ ■ ■ +PiX + po is the minimal polynomial of We call a Q- vector 
space with such an automorphism of the form diag(M, . . . , M) a Q(^^)-structure. By 
^"^ ■ V := g{v), this defines a scalar multiplication of Q(^'^), which turns N^{Cr,Q.) into a 
Q(0"vcctor space. We obtain: 

Proposition 4.1.1. The direct sum decomposition 

H\C,Q) = ^N\CrM) 

r\m 

is a direct sum o/Q(.^'') structures on H^{C,Q). 
Next we consider the trace map 

tr : HjiC Q(0) ^ H\C, Q) given hy v ^ ^ ^v, 

7eGal(Q(e);Q) 

which will be one of our main tools in this chapter. By the Galois group action, the vector 
space N^{Cr,Q{i^)) decomposes into eigenspaces Hj{C,Q{^^))) such that 

Lemma 4.1.2. Let r\m and r — gcd{j,m). Then trl^i^^Q^^r)) is a monomorphism. 

Proof. Let / G H]{C, Q(r)) \ {0}. We need some Galois theory. By the fact that Q(f ) 
is a Galois extension of Q, the group Vj. :— Aut(Q(^); Q(^'')) is a normal subgroup of 
(Z/(m))* ^ r := Gal(Q(0; Q), which is the kernel of the epimorphism T Gal(Q(^'"); Q) 
given by 7 — > 7|q(^^) for all 7 e Gal(Q(^);Q). Hence we obtain that 

tr(/)= E 7/= E wE^/= E ^\'^r\f. 

7eGal(Q(«);Q) [l\eT/Vr l&r TeGal(Q(r);Q) 

Since is acts by an integral matrix, one has 7 o ^0 = z/; o 7 for all 7 e F. This implies 
that 

7(r)7(/) = 7(r/) = (7°V^)(/) = V'(7/). (4.2) 
Thus 7(/) G iJjyj(C, Q(,^)), where jo £ (^/("^))* corresponds to 7. By the fact that we 
have a direct sum of eigenspaces, we conclude that 

tr(/)= E 7|r.|/7^0. 

7eGai(Q(r);Q) 

□ 
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Now we consider the restriction of the trace map to 

r\m 

Proposition 4.1.3. The trace map tr|ij : R — >• H^{C,Q) is an isomorphism of Q-vector 
spaces. 

Proof. Let 

V := '^^Vr e it! 

r\rn 

with Vr e H^{C, Q{i^))- By the proof of the preceding lemma, we know that 

7eGai(Q(r);Q) M^mr 



These with j e (Z/(y))* are exactly the ~th. primitive roots of unity. Thus they 
are the elements with order y in the multiplicative group generated by ^. Hence by the 
fact that we have a direct sum of eigenspaces, we conclude that tr{v) — implies that 
tr(fr) = for all r with r\m. By the preceding lemma, this implies that Vr = for all r 
with r\m and hencefore v = 0. Hence the map tr|ij is injective, and we have only to verify 
that dimQ(i?) = dimQ (i7^(C,< 



dimQ R^Yl dimQ(^)(//,^(C, Q(0)) • MOV 



r\m 



dimQ(^) (ii^(C, Q(^))) • ft {primitive — th. roots of unity} 



r\m 
m—1 



3=1 



□ 



Remark 4.1.4. Wc know that the monodromy representation fixes H^{C,Q) and each 
H}{C,Q{i)) invariant. By the fact that 

N\Cr, Q) = N\Cr, Q(0) n H\C, Q), 
we conclude that the monodromy representation fixes N^{Cr,Q)), too. 
Proposition 4.1.5. The monodromy representation p on N^{Cr,Q) is given by 

\ IkM^ ) 

where denotes the image of u! in the monodromy of {C , Q{^'^)) , and {71, . . . ,7^} — 
Gal(Q(r);Q)- 
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Proof. Since p(7) leaves the eigenspaces invariant, it acts by diag(Mi, . . . , M^), where each 
Mi with 1 < i < k describes the action of p{uj) on -fiH^{C,Q{C)). Let e 
and 7 correspond. The description of the Mi, . . . , follows from the facts that each 
p{iu) commutes with each 7 G Gal(Q(r);Q), and that -fH^{C,Q{C')) = H^j_^{C, Qi^"^)) 
(see g2D) for all 7 G Gal(Q(^"); Q). ' □ 

Now let denote the restriction of p{uj) on N^{Cr,Q:) and f G A^"'^(Cr,Q) given by 
f = tr(w) for some w G H^{C, Q(^'')). By the preceding proposition, we have: 

k 

7eGai((Q(e);Q) ^=1 
= mO■,QiC)]Y.^^{M^{w)) = tr{M^{w)) 

i=l 

The trace map Hj:{C, Q{C)) ~^ N^{Cr, Q) is an isomorphism of Q(^'')-vector spaces with 
respect to the Q(^^) structure on N^{Cr,Q)- Thus one has: 

Proposition 4.1.6. The monodromy representation on N^{Cr,Q) is a representation on 
a Q{C,^)-vector space given by the Q(^^') structure, which coincides up to the trace map 
with the monodromy representation on H^{C,Q{C,^)) . 

We will need a decomposition of (C, M) into a direct sum of certain sub- vector spaces 
fixed by the Galois group representation. This decomposition is defined over Q(^"')"'' = 
Q((^-^) n M and given by the sub-vector spaces 

m{j) := {Hj{C,Q{0)(BH'^_^{C,QmnH\C,Q{ey). 

Since the monodromy representation fixes 

HjiCQiO), H'^_^{C, QiO) and H\C, Qi^y), 

it fixes 3?V(j), too. 

Remark 4.1.7. One has that tr : Hj{C,Q{^^)) N^{Cj,Q) coincides with the compo- 
sition 

HjiCQi^^)) ^ mU) ^ N\C„Q). 

Hence the latter trace map 3ftV(j) ^ iV^Q, Q) induces a Q(^J)+-structure on N\Cj, Q), 
which is compatible with the Q(^-')-structure via Q(^"')^ ^ Q('C"')- Thus by the preceding 
results about the monodromy representation on N^{Cj, Q), the monodromy representation 
on N^{Cj, Q) is a Q(,^-') """-vector space representation with respect to the Q(.^-')"'"-structure. 

Remark 4.1.8. In the case of H'L{C,Q{^'f) one gets that Q(^^) = Q(-l) = Q. In 

other terms: The monodromy group on i^m(C, Q(^^) is the monodromy group on the 

2 

rational vector space N^i^Cm, Q). 
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4.2 Quotients of covers and Hodge group decompo- 
sition 



In this section we consider our quotient families vr,. : Cr — > Vn of covers, and their Hodge 
groups. Moreover we will explain the notation N^{Cr,Q) and show that the decomposi- 
tion of H^{C,Q) into these Q(^^) structures is a decomposition into rational sub- Hodge 
structures. Recall that Cr is given by a quotient of the subgroup of order r of the Galois 
group of C (see Construction I3.2.T1) . 

Let C and Cr denote a fiber of C and the corresponding fiber of Cr over the same point. 
The natural cover (pr '■ C ^ Cr induces an embedding of Hodge structures, which gives 
a direct sum decomposition of H^{C, Q) into two rational sub-Hodge structures (see [50] . 
7.3.2. and [SD], Lemma 7.26). 

The Hodge structure on H^{Cr,Q) is the sub-Hodge structure of H^{C,Q) fixed by 
Gal(0r-)- Hence the eigenspaces of H^{Cr,C) with respect to the Galois group vr^ can 
be identified with the eigenspaces of H^{C,C), on which Gal(0r') acts trivial. Thus one 
obtains 

——1 1 

r ^ m— 1 

H\Cr,C) = ^Hj^iCX) -^^HjiCC) = H\C,C)- 
j=i i=i 

Recall that every eigenspace Cj of -R^7r^,(C) is a local system. We consider the eigenspace 
(£j)c^ of R^{iTr)*{C) with the character j and the eigenspace Cjr of i?^7r*(C). Proposition 
12.2.101 tells us that the local monodromy data of {l^j)c'r and L^j coincide. By Proposi- 
tion [333], these monodromy data determine the dual monodromy representations of the 
eigenspaces of the dual VHS given by the homology. Thus we obtain: 

Proposition 4.2.1. The local systems {Cj)cr o,nd Cjr coincide. 

The following statements will explain the notation 'W^(Cr,Q)". One has that 

iV'(C„Q)®QC= H]^{CX)- 

Since each Hj^{C,C) C N^{Cr,C) has a decomposition into 

Hj'\Cr) © Hf\Cr), where Hj{CrX) = ^™-,(a, C) C N\Cr, C), 

each N^{Cr, Q) is a rational sub-Hodge structure of H^{C, Q). Moreover each N^{Cr, Q) 
is the maximal sub-Hodge structure of if^(Cr,Q), which is orthogonal (with respect to 
the polarization) to each sub- Hodge structure of H^{Cr, Q) given by a quotient H^{Cr', Q) 
with r < r' < m, r\r' and r'\m. By using Lemma F2.4.H we have the result: 

Proposition 4.2.2. We have a decomposition 

H\CX) = ^N\CrX) 

r\m 

into rational Hodge structures and a natural embedding 

mc)-^llmN\Cr,Q)) 

r\m 
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such that the natural projections 



Hg(C)^Hg(7Vi(C„Q)) 

are surjective for all r. 

Remcirk 4.2.3. Note that the preceding section yields a corresponding statement about 

the Zariski closures of the monodromy group of i?^7r^, (Q) and the restricted representations 
monodromy representations on the different A'^^(Cr,Q). These two facts will play a very 
important role. 

4.3 Upper bounds for the Mumford-Tate groups of 
the direct summands 

The different A^^(Cr,Q) on the fibers induce a decomposition of i?^7r4,(Q) into a direct 
sum of local systems j\/'^(Cr,Q). Now we consider the induced variations of rational 
Hodge structures on the local systems M^{Cr, Q). Let Qr denote the alternating form on 
N^[Cr, Q) obtained by the restriction of the intersection form Q of the curve C. One has 
that each element of p(7ri(P„)) commutes with the Galois group. The same holds true for 
the image of the homomorphism 

h:^^GSp{H\C,R),Q) 

corresponding to the Hodge structure of an arbitrary fiber. Since the Galois group respects 
the intersection form, its representation on N^{Cr, Q) is contained in Sp{N^{Cr, Q), Qr)- 
Let Cr(V') denote the centralizer of the Galois group in Sp{N^{Cr,Q),Qr) and GCr{'4>) 
denote the centrahzer of the Galois group in GSp(A^^(Cr, Q), Qr)- One concludes: 

Proposition 4.3.1. The centralizer GCr{ip) contains the generic Mumford-Tate group 
MT(Vr). Moreover the centralizer Cr{ip) contains the generic Hodge group Hg(Vr) and 
Mon°(V,.). 

We write 

C(V') ■-^l[Cri^|^)- 

r\m 

Remcirk 4.3.2. If r 7^ the preceding proposition yields some information. In the 

case r = Y the elements of the Galois group act as the multiplication with 1 or —1 on 
N^{CmL,Q:). Since id resp., —id is contained in the center of Sp{N^ {C ^ , Q) , Q rn^j ^ this 
proposition does not give any new information in this case. 

Now let us assume that r 7^ y. We describe Cr{ip) by its M-valued points. Let 
be a ^-th. primitive root of unity such that Hj{C,C) C iV^(C^,C), v e Hj{C,C) and 
M e C^(V^)(M). Then one gets 

i/jMiv) = Mii/jv) = M(f -y) = ^^M{v). 

Thus M leaves each Hj{C,C) invariant. 
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For our description of Cr{ip) we introduce the trace map 

tr:GL(i7](C,C))^GL(W(j)M) 

given by 

Gh{H]{C,C)) bN^NxN e GL{Hj{CX)) x GL{Hl_^{C,C)), (4.3) 

where N denotes the matrix, which satisfies that Nv = Nv for all v G Hj{C,C). Recall 
that we have a fixed complex structure. Thus one checks easily that N x N leaves 3f?V(j)iR 
invariant. Hence we consider it as a real matrix. 

For the Hermitian form H{-, ■) := iE{-,^) and v,w ^ Hj{C,C) one obtains 

H{v, w) = iE{v, w) = iE{Mv, Mw) = iE{Mv, Ww) = H{Mv, Mw). 

Thus the matrix M|sRv(j)M is contained in tr(U(ifj(C, C), H\iji ,(c,c))- 
Assume conversely that M G GL(A^-'^(Cr, C)) satisfies that 

M|5ivo-)M e tr(U(i/}(C,C),i7Ui(c,c))) 

for each ^-th. primitive root of unity Since M leaves all eigenspaces Hj{C,C)) C 
N^{Cr,C) invariant, M commutes with the Galois group representation on N^{Cr,^). 
Now let N G GL{Hj{C, C)) be the matrix with tr(A^) = M\^Yijh- One has that 

iE{v, w) = iE{Nv, Jhu) <^ E{v, w) = E{Nv, Nw) 

for all f , w G Hj{C, C). By the fact that E is an alternating form, one gets 

E{v,w) = E(m,Nw), 

too. Since each element of 3?V(j)c can be given by V1+V2 and W1 + W2 with vi,V2,wi,W2 G 
Hj{C,C), one concludes that 

E{vi + V2, wi + W2) = E{vi, W2) + E{v2, wi) = E{Nvi,Nw2) + E(N^, Nwi) 

= E{Mvi, MW2) + E{Mv2, Mwi) = E{M{vi + V2), M{wi + W2)). 
Thus M is contained in the symplectic group. Altogether we conclude: 

Theorem 4.3.3. Ij r ^ the group Cr{ilj){M.) is isomorphic to the direct product of 
the Lie groups given by the M.-valued points of unitary groups over the spaces 3?V(j)K C 
N^{Cr,M.) induced by the trace maps and the unitary groups U(i7j(C, C), 

Recall the definition of the type (a, b) of an eigenspace Cj in Remark I3.2.5[ If there is 
an eigenspace of N^{Cr, C) of type (a, b) with a > and 6 > 0, we call N^{Cr, Q) general. 
Otherwise we call it special. Now assume that A^^(Cr.,Q) is special. In this case is 
contained in the center of GCr{ip)R-, and h{S^) is contained in the center of Cr{ip)R- Thus 
one concludes: 

Remark 4.3.4. Assume that N^{Cr, Q) is special. Then the center Z{GCr{^)) of G'C^(V^) 
contains MT(Vr.). Moreover the center Z{Cr{ip)) of Cr{ip) contains Hg(Vr). 

Remark 4.3.5. One has that Cr('?/')R consists of U(s)* for some s, t G No, if N^{Cr, Q) is 
special. Thus in this case the monodromy group is a discrete sub-group of the compact 
group U(s)*. Hence it is finite and Mon°(Vr) is trivial in this case. 
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4.4 A criterion for complex multiplication 



In this short section we find a sufficient condition for the existence of a dense set of CM 
fibers of a family of cyclic covers. By technical reasons, we do not consider the family 
C — >■ Vni but a family over the space M.ni which can be considered as the quotient 

A^„ = P„/PGL2(C). 

But one has an embedding Lafi,c '■ -Mn — ^ Vn, too. Its image is the subspace of Vn, which 
parameterizes the maps (p : N ^ satisfying 0(a) = 0, 0(6) = 1 and 0(c) = oo for some 
fixed a,b,c E N (compare to [H], 3.7). 

Remark 4.4.1. One can move 3 arbitrary branch points of a fiber of C —>■ Vn to 0, 1 
and oo. Hence one has that all fibers of the geometric points of Vn occur as fibers of 
the restricted family ~^ M.n, too. Hence the generic Hodge groups and the generic 
Mumford-Tate groups of the both families coincide. 

4.4.2. Each curve C with g{C) > 1 has at most 84{g — 1) automorphisms (see [22], IV. 
Exercise 2.5). Thus C can have only finitely many cyclic covers onto with different 
Galois groups. Moreover, there is an automorphism a of P^, if the Galois groups of 
the covers of Cpj and Cp^ can be conjugate by an isomorphism l such that the following 
diagram commutes: 

pi 1 ^pl 

Thus C occurs only as finitely many fibers of Cx,^, if g{C) > 2. 

Recall that we have defined the type of an eigenspace Cj in Remark 13.2.51 

Definition 4.4.3. Let C ^ P„ be a family of cyclic covers onto P^ and C denote an 
arbitrary fiber. The family C has a pure (1, n) — VHS, if it has only one eigenspace Cj of 
type (1, n) such that Cm-j is of type (n, 1) with respect to the Galois group representation, 
and all other eigenspaces are of type (a, 0) or of type (0, b) for some a, 6 G Nq. 

Theorem 4.4.4. Let ~^ be a family of cyclic covers onto and C be a fiber 
with g{C) > 2 as before. Assume that C has a pure {l,n) — VHS. Then the family 
Cm„ ~^ -^n has a dense set of complex multiplication fibers. 

Proof. We have to show that over an arbitrary open simply connected subset W of 7V1„(C) 
there are infinitely many CM points of the VHS of C_Mn- Let qo E W and Cj be the 
eigenspace of type (l,n). We have a trivialization 

R^7v,{C)\w = H\Cg,X) such that Cj\w = Hj{Cg,X) ^ W. 

Let qeW and tuj^'^ G H^'\Cq)\{0}. By the holomorphic VHS of the family, one obtains 
a holomorphic "fractional period" map 

p:W^FiHjiC,,X)) via g ^ [wj^'^]. 

By the assumptions, the integral Hodge structure depends uniquely on the class [ro^"'^] G 
P(ifKCgQ, C)). Since for each fiber there are only finitely many isomorphic fibers (see 
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I4.4.2P and two curves have isomorphic polarized integral Hodge structures, if and only 
if they are isomorphic, the fibers of p have the dimension 0. Thus J4]J, Chapter VII, 
Proposition 4 and the fact that dimW^ = dimP(if|(Cg„, C)) tell us that p is open. 

The natural embedding C{iIj) ^ GL(i7^(Cg„, C)) induces a holomorphic variation of 
Hodge structures over the bounded symmetric domain associated with C{ip){E.) / K . This 
VHS depends uniquely on the fractional VHS on the eigenspace Hj^Cq^, C) of type (1, n). 
Hencefore this VHS yields a holomorphic injection ip : C{ip)(M.)/K F{Hj{CgQ,C)). 

Note that C('?/') (M) //T parameterizes the integral Hodge structures of type (1, 0), (0, 1) 
on i7^(Cq,), C), whose Hodge group is contained in C{ip). Hence altogether the map ip~^op, 
which assigns to each fiber Cg its integral Hodge structure, is open. Since the set of CM 
points on C{tp){M.)/ K is dense (see Theorem II. 5. 9p . this yields the desired statement. □ 
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Chapter 5 

The computation of the Hodge group 



In this chapter we try to compute the derived group of the generic Hodge group of a 
family C —>■ Vn- For infinitely many examples we will not be able to do this. But we will 
get many information and in infinitely many examples we will obtain 

^rpder^y^ = Hg'^'='^(V) = Mon°(V) = 

Recall that Vn is the configuration space of + 3 points and Ain = 'Pn/PGL2(C). 
Finally we will see that a family C ^ Aii induces an open period map 

p : Mi{C) MT'"^iy)/K, 

if and only if it has a pure (1,1) — VHS. 



5.1 The monodromy group of an eigenspace 

Let j G {1, . . . , m—l}. Then we have an eigenspace Cj in the variation of Hodge structures 
of a family C — * "P^ of cyclic degree m covers onto P^. There are p, g G No such that the 
eigenspace Hj{C, C) of an arbitrary fiber C is of type (p, q), where {p, q) is the signature 
of the restricted polarization of the latter eigenspace. The type of Cj is given by the type 
of Hj{C, C). The embedding M C allows to consider Hj{C, C) as M- vector space. Let 
Mon°(£j) denote the identity component of the Zariski closure of the monodromy group 
of in GLuiHjiCX))- 
We show in this section: 

Theorem 5.1.1. Let Cj be of type {p,q) withp,q > 1. Moreover assume that j 7^ y or 
p = q = 1. Then 

Mon\Cj) = SU(p,g). 

If p = or g = 0, the statement of the preceding theorem does not hold true in general 
as one can conclude by Remark 14.3.51 

We give a proof of Theorem 15.1.11 by induction over the integer given by p + g. 
By the following lemma, we start the proof of Theorem 15. Lit 

Lemma 5.1.2. If Cj is of type (1,1), its monodromy group contains infinitely many 
elements. 
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Proof. There are two cases: In the first case there are some local monodromy data ai and 
a2 of the eigenspace in (vrg)^,(Cc)|pi\s'. for the fiber C := Cg of some arbitrary q E Vn 
such that aia2 = 1. In this case the Dehn twist Ti 2 yields a unipotent triangular matrix 
(follows by Proposition 13.3. 5p and we are done. 

Otherwise each Dehn twist ^ provides a semisimple matrix, where its eigenvalues 
are given by 1 and a m-th. root of unity. Note that the matrices induced by the Dehn 
twists Ti^2 and T2,3 do not commute. In the considered case {ai, 02}, {as, 04} is a stable 
partition. Hence one can choose the basis B = {[ei7i], [6373]} of Hl{C,C). By the fact 
that these two cycles do not intersect each other, this basis is orthogonal with respect 
to the Hermitian form induced by the intersection form. Hence by normalization, this 
basis is orthonormal with respect to the Hermitian form such that the Hermitian form is 
without loss of generality given by diag(l, —1) with respect to B. The matrix induced by 
Ti^2 is given by diag(^, 1) with respect to B, where ^ is a m-th. root of unity. Since the 
matrix A of T2,3 with respect to B does not commute with diag(^, 1), it is not a diagonal 
matrix. Now we compute the commutator 

ir = A-diag(e,l)-A-i-diag(e,l). 

One can replace A by a non-diagonal matrix in SU(1, 1) and the matrix diag(^, 1) by 
diag(e, e) G SU(1, 1), where = ^, for the computation of K. By |13j, page 59, one has 
a description of the matrices in SU(1, 1)(M) such that 

„ f a b \ / _N / a —b\-,. , ^ f aa — e~^bb ab — e^ab \ 
^=\b -a) e) ^ ^ J diag(e, e) = ^ _ ^_2_-^ ^_ _ ^.^^ J . 

Hence 

tr{K) - 2 = 2aa - 2^{e^)bb -2 = 2aa- 2^{e^)bb -aa + bb-l 

> {aa - \Sl{e^)\bb) + {bb - \Si{e^)\bb) -l>aa- \Si{e^)\bb - 1 > 0. 

If the eigenvalues of K would be roots of unity (if it is not unipotent), one would have 
\tr{K)\ < 2. Hence by the fact that tr{K) > 2, one concludes that K is unipotent or has 
eigenvalues v with |f | 7^ 1. In both cases K has infinite order. □ 

For the proof of Theorem 15 . 1 . 1 1 we need to recall some facts about complex simple Lie 
algebras. The complex simple Lie algebra s[„(C) will be very important: 

Remark 5.1.3. The Lie algebra s[„(C) is given by 

sl„(C) = {M e M„x„(C) : tr(M) = 0}. 

The Cartan subalgebra of s[„(C) is given by 

n 

i) = {diag(ai, . . . , a„) : ^ = 0}. 

i=l 

Each root space is given by the matrices (ajj), which have exactly one entry ai^jg 7^ for 
a fixed pair {io,jo) with 7^ jo- 

We want to show a statement about unitary groups, and not about special linear 
groups. The fact, which makes s[„(C) interesting for us, is given by the following remark: 
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Remark 5.1.4. We can obviously embed sUp_g(]R) into s[p+g(C), since SU(p, g)(]R) is a 
Lie subgroup of SLp+g(C). Moreover isUp^g(M.) is a subvector space of s[p+g(C) (considered 
as real vector space). One has that 

sUp^g(C) = sUp^giR) © isUp,g(]R) = s[p+g(C). 

(see [13, page 433) 

Moreover we need to compare the monodromy group of Cj with the monodromy groups 
of some of its restrictions over certain subspaces of P„. 

Remark 5.1.5. Consider some embedding La^b,c '■ M.n ^ 'Pn- By the holomorphic diffeo- 
morphism 

PGL2(C) X iaAc(A<n)(C) 3Mxq^ M{q) G P„(C), 

we have that 

PGL2(C) xMn = Vn and 7ri(PGL2(C)) X m{Mn) = 7T,{Vn), 

where 7ri(PGL2(C)) ^ Z/(2) (compare PJ, 3.7). 

For technical reasons, we need to introduce an additional subspace of Vn- 

pK) = e Vn\<PM = OO} 

Let Gt denote the group of triangular matrices given by 

Gt = {(^1 J ) GM2x2(C)|a^0}. 

We have obviously an embedding La,b,c '■ M.n ^ 'p^"+^^ g^ch that we get a holomorphic 
diffeomorphism 

Gt X ia,bAMn)iC) 3Mxq^ M{q) E Pi^"+'\C). 

Hence we have that 

GTxMn = V^''"+'^ and 7ri(G'T) x 7ri(A^„) = 7ri(p('^"+^)), 

where 7ri(GT) = Z/(2). 

The space 'p^"-+^^ has a natural interpretation as configuration space of n + 2 points 
on M^. Its fundamental group is the colored braid group on n + 2 strands in M^. 

Lemma 5.1.6. The fundamental group of the configuration space of n + 2 points on 
is generated by the Dehn twists T^^^^ with l<ki<k2<n + 2. 

Proof (see t20j. Chapter I. 4) □ 

5.1.7. By the preceding results, the monodromy groups of Cj, {Cj)M„ and {^Cj) (a„^^) are 
commensurable. Hencefore their M-Zariski closures have the same connected component 
of identity. Thus we do not need to distinguish between them and we will call them simply 
Mon°(/:j). 
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Again assume that Cj is of type (1,1). By Lemma 15.1.61 the monodromy group 
Pj(7ri(P|;"*^)) of (£j)^(a4) is generated by the matrices pj{Tk^i) for /c, £ G {1, 2, 3}. For each 
Dehn twist T one can choose a suitable numbering of the branch points such that T = Ti 2. 
Hence by Proposition 13.3.51 one concludes that the generators of the monodromy group 
are contained in the group given by 

{M e GL2(C)|det(M)™ = 1}. 

Since Mon°(£j) is contained in U(l, 1), one concludes that Mon^{Cj) C SU(1, 1). Thus the 
complexification of the Lie algebra of Mon^ (Cj) is contained in 512(C). Note that the real 
Zariski closure Mon°(3ftV(j)iR) is isomorphic to Mon°(£j) and Mon°(5RV(j)iK) is a quotient 
of the semisimple group Mon^(Vr). Thus by the kernel, which is semisimple, we have an 
exact sequence of algebraic groups. This yields an exact sequence of semisimple Lie 
algebras such that Mon°(£j) must be semisimple. One has that Mon^(£j) C SUc(l, 1). 
Since sui i(C) = sl2(C) is the smallest semisimple non-trivial complex Lie algebra (see 
[n], §14.1, Step 3) and Mon°(£j) is infinite by Lemma [5X21 one concludes: 

Proposition 5.1.8. If Cj is of type (1,1), then Mon°(£j) = SU(1,1). 

Recall that we want to give a proof of Theorem 15.1.11 by induction. The following 
construction explains our method to compare the monodromy groups of eigenspaces of 
different type, which we will need for the induction: 

Construction 5.1.9 (Collision of points). Let be an eigenspace in the cohomology of 
a fiber C = Cq with the local monodromy data on a^. Now let 

h := {a„^,+2, a„j+3} and P = {{ai}, . . . , {a„^.+i}, b} 

be a stable partition of = {ai, . . . , +3}- Let (pp : P —>■ he some embedding and 
the local system IL(P)j on \ (j)p{P) have the local monodromy data 

otb = aa„^+2(^a„^+3 and otherwise a{a^} = Ua^. 

By Construction 13.2.11 these monodromy data allow the construction of a family of cyclic 
covers 

7r(P) : C(P) ^ Vn.^i. 

The higher direct image sheaf R^tc{P)^,(C) has an eigenspace with respect to the character 
given by 1, which we denote by £(P)j|j By the description of the respective monodromy 
representations in Proposition l3.3.5[ we can identify the monodromy group of (£(P)j) (&) 

with the subgroup of the monodromy group of (Cj) (an^) generated by the Dehn twists 
^afc^,afc2 with ki,k2 <nj + 1. 

Remark 5.1.10. The local system C{P)j is in general not the j-th. eigenspace of a 
family of irreducible covers of degree m obtained by a collision of two branch points of a 
family of irreducible covers of degree m. The problem is given by the irreducibility of the 
resulting family obtained by collision. Take for example the family C —* V2 with generic 
fibers given by 

y'^ = {x — ai)(x — a2){x — 03)^ ■ . . . ■ {x — as)^. 

^This definition may seem to be a little bit odd. But it is motivated by some reasons, which should 
become clearer by Remark lS. 1.101 



56 



By the collision of ai and 02, one does not obtain an irreducible family of degree 4 covers. 
But the resulting local system C{P)i is the eigenspace with respect to the character 1 on 
the higher direct image sheaf of the family C{P) Vi with generic fibers given by 

y'^ = {x — ai) ■ . . . ■ (x — 04). 

Now let Cj be of type {p, q) with p, g > 0. By the collision of two points and Proposition 
12.3.4^ one gets an eigenspace of type (p, g — 1) or of type {p — 1, g), if there is a suitable 
corresponding stable partition. A little bit later we will see that this construction yields 
an induction step such that the statement of Theorem 15.1.11 for local systems of type 
(p, g — 1) (if g — 1 > 1) and of type {p — 1, q) (if p — 1, g > 1) implies the statement of 
Theorem 15.1.11 for local systems of type {p,q)- 

For the application of the step of induction we will need a pair of stable partitions such 
that the resulting two eigenspaces satisfy the assumptions of Theorem 15.1.11 Moreover 
one can assume that for each fiber 5*-,- contains at least 5 different points. Otherwise Cj is 
of type (1, 1) or unitary. By the following technical lemma, we start to show that there 
exists a suitable pair of stable partitions, if the assumptions of Theorem 15.1.11 are satisfied 
and if Sj contains at least 5 points: 

Lemma 5.1.11. Assume that j 7^ -j. Then there is an a/. G Sj with /i^ 7^ |. 

Proof. Assume that all G Sj satisfy ^ik = \ and j 7^ One has that Cr (with 
r = gcd(m,j)) is a family of irreducible cyclic covers onto of degree — > 2 given by 
/ii, . . . , fin+3 in the sense of Construction 13 . 2 . 11 By the assumption that all G 5*^ satisfy 
fJ'k = each branch point has the same branch index ^, which divides the degree y. 
Since we assume that j 7^ y, one concludes that the branch indeces given by ^ are not 
1. Thus Cr is not a family of irreducible cyclic covers. Contradiction! □ 

Next we show that a /x^ 7^ | yields two stable partitions: 

Lemma 5.1.12. Assume that Sj contains at least 5 different points such that there is an 
ak G Sj with /ifc 7^ |. Then there are some pairwise different fih, fJ^i, fis, fJ't G Sj such that 

/U/i + AtiT^l, and + 7^1. 

Proof. Assume that each pair h,i' G {1, . . . , + 3} with i' satisfies fih + fie = 1. This 
implies that fih = A^i' = | for each pair h, i'. But this contradicts the assumptions of this 
lemma. Hence by the assumptions, there must be a pair {h,i') such that /i/^ + /ij/ 7^ 1. 

Now consider Sj := Sj \ {at, a[}. Let us assume that each pair a^', af G Sj with s' 7^ t' 
satisfies fig' + l^t' = 1- Since \Sj\ > 3, one concludes that fis' = l^t' = |- Since Hh = \ 
or /ij/ = \ would contradict the assumptions in this case, one concludes that fih, fJ^i' 7^ 
Hence put i := s' , s := i' ,t := t' , and we are done in this case. 

If there are as',at' G Sj with s' 7^ t' and fig' + /^t' 7^ 1, we put i := i',s := s',t := t', 
and we are done. 

□ 

By Lemma 15.1.111 and Lemma I5.1.12[ one concludes immediately: 

Corollary 5.1.13. Assume that Sj contains at least 5 different points and j 7^ y. Then 
there are some pairwise different /x/i, /Xj, /i^, /ij G Sj such that 

fJ^h + fJ'i^^, and fis + fit^^- 
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Remark 5.1.14. The condition that 



/ih + /^i7^1, and fis + fJ'ty^^ 

imphes that 

{fih ^ - or 7^ 2^ ^f^' ^2 ^* ^ 2'*' 

Hencefore the resulting eigenspace obtained by the colhsion of ah and a, resp., and at 
satisfies that there is a local monodromy datum /Xfc 7^ |. Hence the resulting eigenspace 
is not a middle part £™ of the VHS of the family obtained by the respective collision 
of two points. One must only ensure that the resulting eigenspaces are not of type (a, 0) 
resp., (0, b) in order to satisfy the assumptions of Theorem 15.1.11 in this case. 

5.1.15. Assume that Cj is of type {l,n) with n> 1. By Proposition 12.3.41 one calculates 
that 

n+3 
i=l 

in this case. One can choose the indeces such that 

yWl < • • • < /in+3- 

Hence one has 
By the fact that 

(/i2 + /i4) + (/is + /is) < 2 and /i2 + /i4 < ^((/i2 + /i4) + (/is + /is)), 

one has 

/il + /is < /i2 + /i4 < 1- 

Since the local systems with respect to the corresponding stable partitions of the collision 
of ai and 03 resp., the collision of 02 and 04 are of type (1, — 1) as one can calculate by 
Proposition I2.3.4[ one can apply the induction hypothesis for these partitions. 

Now let Cj be of type (n, 1). Then the monodromy representation of Cj is the complex 
conjugate of the monodromy representation of Cm-j, which is of type (l,n) in this case. 
Hence first the induction step yields the statement for all Cj of type (1, n). Then we have 
the statement for all Cj of type (n, 1), too. 

Assume that Cj is of type (p, q) with p,q > 2 and satisfies the assumptions of Theorem 
15.1.11 By Corollary 15.1.131 one has a pair of stable partitions. Remark 15.1.141 and the 
fact that p,q > 2 imply that the corresponding eigenspaces satisfy the assumptions of 
Theorem 15.1.11 too. 

Now we must only prove and explain the step of induction: 

One has without loss of generality the stable partitions 

Pi = {{oi}, • • • , Wn+i}, {O'n+2, a„+s}}, and P2 = {{oi, 02}, {a^}, {a^+g}}. 

Here we assume without loss of generality that G M and < a^+i such that 6k is the 
oriented path from to ak+i given by the straight line. 
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Let q G Vn- We consider the monodromy representation with respect to the basis B 
of {Cj)q given by 

B = {[ei5i], . . . , [enSn], [en+25„+2]}. 

One has obviously that Mon°(£j(Pi)) leaves ([ei^i], . . . , [e„5„]) invariant and fixes all 
vectors in ([e„+2'^n+2])- Now let f/i be a small open neighborhood of the identity in 
Mon°(/:j(Pi))(M) such that the "inverse" 

log : Ui ^ Lte{Mon\Cj{Pi))) 

of the exponential map is defined on f/i. By Remark 15.1.41 and the induction hypothesis, 
log([/i) generates a Lie algebra, whose complexification Li is with respect to B given by 
the matrices 



v 



Oil 



0-11,1 





0"n,n 

y 



where N :- 



\ an,i 



ai,n \ 

On,n j 



is an arbitrary n x n matrix with tr(A^) = 0. Note that Mon°(£j(P2)) fixes all vectors 
in ([ei^i]) and leaves {[6363], ... ,[en+2Sn2]) invariant. Hence in a similar way log(t/2) 
(e G f/2 C Mon°{Cj{P2)){R)) generates a Lie algebra. Its complexification L2 is given by 
the matrices 

■ V 
N 

where N is again an arbitrary n x n matrix with tr(A^) = and 

V = {Vi, . ..,Vn) 

is a vector depending on A^. It is easy to see that Li and L2 generate s[„+i(C). 

Since Mon°(£j) is contained in SU(p, q) and sUp,g®C = 3l„+i(C), the group Mon°(£j) 
is isomorphic to SU(p, q). 



5.2 The Hodge group of a general direct summand 

The VHS of a family C —>■ Vn has a decomposition into rational subvariations Vr of 
Hodge structures, which where introduced in Section 4.3. Recall that Vr is general, if 
its monodromy group is infinite. Otherwise we call it special. Let r 7^ y, Vr be general 
and Cj C Vr in this section. Moreover recall that Mon}^(Vr)g denotes the connected 
component of identity of the Zariski closure of the monodromy group in GL(((Vr)iR)g) 
for some q G P„. Since MonJ^(Vr)gi and Mon^(Vr)g2 are conjugated, we write Mon}^(Vr) 
instead of Mon^(Vr)g for simplicity. 

Remark 5.2.1. The group Mon^(Vr) does not need to be equal to Mon°(Vr) XqM. But it 
satisfies Mon^(Vr) C Mon°(Vr) XqR. Hence Mon^(Vr) yields a lower bound for Mon°(Vr). 
Thus one obtains Cf'^'i^j) = Mon°(Vr), if '■(V')r = Mon}^(Vr). 

By the preceding section, we know that Mon^(Vr) Mon°(£j) can be considered as 
the projection onto some SU(a, b), if Cj is of type (a, b) with a,b > 0. Otherwise one can 
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use induction with the corresponding stable partitions again. We only consider the start 
of induction: 

Assume that Sj = 4. hence one has without loss of generality Cr Vi. By our 
assumptions, there is an eigenspace Cj^ in A/'^(Cr.,C) of type (1,1), whose monodromy 
group is infinite. Since the monodromy group of Cj is conjugated to the monodromy of 
£j2 by some 7 G Ga/(Q(^''); Q), it is infinite, too. One concludes similarly to the preceding 
section that Mon°(£j) = SU(2) (since SU2(C) = s[2(C) by page 433, too). The rest 
of the proof is an induction analogue to the induction of the preceding section. 

By the preceding considerations, one has: 

Proposition 5.2.2. Assume that Vr is general. Then the image of the natural projection 
Mon^(Vr) GL(5RV(j)]R) is given by the special unitary group induced by the trace map 
and the special unitary group S\J{Hj{C,C), H\fji(^(^Q) described in Section 4.3. 

Moreover we know that Mon{^(Vr-) is contained in C^^^{^)]si, which is given by a direct 
product of certain groups SU(a, b). Either Mon°(Vr) = C^^^{ip) or it is given by a proper 
subgroup. We want to examine the conditions of the case Mon°(Vr) 7^ C^^^{ip). This will 
yield information and some criteria for the structure of Mon^(Vr). 

First let us make a simple, but very useful observation: 

Remark 5.2.3. Let Gi, . . . ,Gthe connected simple Lie groups and N G GiX. . .xGt ='■ G 
be a normal connected subgroup. One has that Lie{G) is a direct sum of the simple ideals 
Lie{Gi), . . . , Lie{Gt), which implies that each ideal is a sum of certain Lie{Gi) (see [23] . 
II. Corollary 6.3). Since the normal connected subgroups of G and the ideals of Lie{G) 
correspond (follows by [17J, Proposition 8.41 and [I^, Exercise 9.2), one obtains that 

= Gi X . . . X Gta X {e} x . . . x {e} 

for some to <t with respect to a suitable numbering. 

The decomposition of the rational Hodge structure N^{Cr, Q) into the Q(^'') """-Hodge 
structures 3?V(j) yields a decomposition of the variation Vr of rational Hodge structures 
into the variations 3?V(j) of Q(^'')"^-Hodge structures. 

By technical reasons, we consider the semisimple adjoint group Mon^ (V^) instead 
of Mon{^(Vr) first. By Remark 15.2.31 one concludes that Mon^'^(Vr-) is isomorphic to the 
direct product of Moif^{^V{j)M.) and the kernel Kj of the natural projection Monj^'^(Vr) 
Mon^'^(3?V(j)M)- Moreover one has: 

Lemma 5.2.4. Let Gi, . . . ,Gt be simple adjoint Lie groups and G be a semisimple sub- 
group of Gi X . . . X Gt such that each natural projection 

G^GiX ...xGt^Gj 

is surjective. One has G ^ Gi x . . . x Gt, if and only if there are some ji, ^2 ^ {1, ■ ■ ■ ,t} 
with ji 7^ j2 such that G contains a simple subgroup G' isomorphically mapped onto Gj^ 
and Gj^ by the natural projections. 

Proof. The "if part is easy to see. The "only if part follows by induction. □ 
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Note that we have a natural embedding 

Thus the preceding lemma and our assumption that Mon°(Vr.) 7^ C'^'^'^{'tp) imply that there 
is a direct simple factor of Monj^'^(Vr.), which isomorphically mapped onto Mon^'^(3fJV(ji)M) 
and Mon'^'^(3fJV(j2)M) for some ji and j2 with j2 7^ Ji and m — ji. By Remark 15.2.31 
Monj^'^(Vr) is a direct product of the kernel of the both projections and this direct simple 
factor. 

Thus the natural projections onto Mon'**^(3?V(ji)iR) and Mon'^*^(3?V(j2)R) yield an iso- 
morphism 

^ad . Mon'^'i(g?V(ji)M) ^ Mon-'i(3f?V(j2)R). 
Moreover one concludes that the image Mon^'^(3ftV(ji, j2)iR) of the projection 

Mon^'i(V,) Mon-^(3fJV(ji)M) x Mon«'^(3?V(j2)R) 
is given by the graph of a'^'^. 

5.2.5. For the image Mon°(3?V(ji, j2)K) of the projection 

Mon° (H) ^ Mon°(3fJV(ji)M) x Mon°(3fJV(j2)M) 
this implies that the natural projections 

pi : Mon°(5RV(ji, J2)r) Mon\^V{jiU) 

and 

P2 : Mon°(KV(ji, J2)r) ^ Mon°(g^^V(J2)R) 

are isogenies. Since 

Mon°(3?V(ji)M)(C) = Mon°(g?V(j2)M)(C) = SL„+5(C), 

where (a, 6) is the type of and the Lie group SLa+b(C) is simply connected (see [T7] . 
Proposition 23.1), the induced isogenies of Lie groups of C- valued points are isomorphisms. 
Hence the isogenies pi and p2 are isomorphisms. 

Hence our assumption implies the existence of an isomorphism 

a : MonO(gfJV(ji)K) ^ Mon°(3?V(j2)R), 

which satisfies that Mon°(3fJV(ji, j2)R) is given by Graph(Q;). 

5.3 A criterion for the reaching of the upper bound 

In this section we give a necessary criterion for the existence of an isomorphism a. This 
yields a sufficient condition that Mon°(Vr) reaches the upper bound C^*^''('?/'). In addition 
we will see that Mon°(V) = Mon°(Vi) reaches the upper bound, if the degree m of the 
covers given by the fibers of C — P„ is a prime number > 2JI 

^For m = 2 we will later see that Mon"(V) reaches the upper bound as well. 
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We say that a Dehn twist T is semisimple (with respect to Vr), if the monodromy 
representation pj of one (and hence of all) Cj C Vr yields a semisimple matrix Pj{T). 
By the trace map (see (jiSD), we can identify Mon'''^(3?V(j)M) and Mon^'^{Cj). Thus 
Mon^ (JfiV{j I, j 2) r) is equal to Graph(a), if and only if one has a corresponding isomor- 
phism : Mon'"^{Ci) Mon''^(£2) such that Mon^'^{Cj^ ® Cj^) is given by Graph(a^^). 
By an abuse of notation, we will write a instead of a'^'^ from now on. 

First let us formulate a sufficient criterion for the non-existence of a in the case C —>■ Vi: 

Proposition 5.3.1. Let Vr be general and Cj-^,Cj2 C Vr be of type {a,b), where a + b = 2. 
Then there does not exist an isomorphism a : Mon^'^(£i) — > Mon'"^(£2) such that Ppj^ = 
a o Ppj^, if there is a semisimple Dehn twist T such that the non-trivial eigenvalue zi of 
pj2{T) is not contained in {2:1,^1}, where Zi denotes the non-trivial eigenvalue of pj^{T). 

Proof. Assume that Mon^'^(£i) and Mon°'^(£2) are isomorphic and T satisfies the as- 
sumptions of this proposition. Thus pj^ (T) generates a finite commutative subgroup FT 
of Mon'^*^(£jJ, which is contained in a maximal torus G of Mon'^'^(£jJ. Our assumption 
that a + b = 2 implies that Mon^(£jJ ^ Mon^'^(£jJ is isomorphic to PU(1, 1) or PU(2). 
Note that the maximal tori of reductive groups are conjugate and in the case of PU(1, 1) 
resp., PU(2) the M- valued points of (j'(M) can (up to conjugation) be given by the diago- 
nal matrices in PU(1, 1) resp., PU(2). Thus one checks easily that G is unique and that 
the Lie group (j'(M) is isomorphic to ^^(IR). Hence one can identify FT(]R) with some 
{i') C 51 (M). Now let 1 7^ C e (C') satisfy the property that there is a closed interval on 
S'^(M) with end points 1 and which does not contain any other element of {^^)- Hence 
there is a closed interval I on T with ending points [diag(l, 1)] and [diag(C, 1)] G FT, 
which does not contain any other element of FT. 

Now assume such an isomorphism a exists. Note that we have an identification 
a(G)(]R) = S'^(M), too. But our assumptions imply that 

a(diag(C, 1)) ^ {diag(C, 1), diag(C, !)}• 
Hence by our identification a(G')(]R) = ^^(IR), one obtains that 

«(C)^{C,C}. 

Thus «(/) C a(G)(]R) is not a connected interval, which does not contain any other 
element of (^*) except of 1 and a{(). But a must be a homeomorphism on the M- valued 
points. Contradiction! □ 

By the preceding proposition, we can use certain semisimple Dehn twists for the study 
of the generic Hodge group. Hence we make some observations about the orders and the 
existence of semisimple Dehn twists: 

Lemma 5.3.2. Let j 7^ y andv\^, where 

m 

If^v, r:=gcd(m,j) and 1,2 fi — . 

rv 

Then there exists a Dehn twist T G niiVn) such that Pj{T) G Mon(£j) is semisimple and 
\{pj(T))\ does not divide v. 
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Proof. One can replace C by Cr and choose a suitable collection of local monodromy data 
for C such that j = 1. By an isomorphism (^) = Z/(m), the non-trivial eigenvalues of 
the semisimple Dehn twists T^^ fc^ correspond to some elements [6fci,fc2] G Z/(m), where 
bkiM •= '^fci + and d^^ and denote the branch indeces of and a^j- 

Assume that each semisimple Dehn twist satisfies that its order divides some v with 
v\m. This implies that — |&A;i,fc2 for all &fci,fc2- Hence for all A; = 1, . . . , n + 3 one has that 
— divides 

V 

2dk = {dk + (ifci) + {dk + rffea) ~ ('^fci + dk2) = bk^ki + ^fc,fc2 ~ ^fci,fe2- 

Since there does not exist any integer 7^ 1, which divides each dk, one has that — 
divides 2. This implies that ^ = lor^ = 2. □ 

For the formulation of our criterion in the higher dimensional case we need the follow- 
ing lemma: 

Lemma 5.3.3. Let q EVn- Assume that we have a stable partition 

P ■= {{ai}, {02}, {as}, {^4, • • • , an.+s}} 

with respect to the local monodromy data of {Cj)q such that we can define the eigenspace 
Cj{P) over Vi with b = {a^, . . . , an +3} Construction \5. Then the monodromy 

group pj{P){7ii(Vi)) of Cj{P) has a subgroup of finite index generated by pj(Ti^2) and 

Proof. The stability of the partition ensures that ab = cua^ . . . an^+s 7^ 1. It is a well- 
known fact that 7ri(A/ii(C)) is generated by the two loops around and 1, where we 
identify \ {0, 1} = A/li. By the embedding Mi Vi given by 

Oi = 0, as = 1, 04 = 00, 

we can identify the generators of 7ri(A^i(C)) with the Dehn twists Ti^2 and T2,3. The 
statement follows from the fact that the monodromy group of Cj{P)\Mi has finite index 
in the monodromy group of Cj{P). □ 

Proposition 5.3.4. Let Cj-^^Cj^ C (Vi)c with ji ^ j2 and ji 7^ m — j2- Assume that we 
have a stable partition 

P ■= {{aj, {02}, {03}, {ai, a„+3}} 

such that the monodromy group of Cj^{P) or Cj^^P) is infinite. Let Mon°(£j^(P)) and 
Mon°(£j2(-P)) be not isomorphic or Tk/ be a semisimple Dehn twist with k,i G {1,2,3} 
such that the non-trivial eigenvalue Z2 of pj^iTk/) is not contained in {zi,Zi}, where Z\ 
denotes the non-trivial eigenvalue of (Tj^^i) . Then 

Mon°(gfJV(ji, J2)r) = Mon°(g?V(ji)M) x Mon°(3?V(j2)M). 

Proof. By Lemma [5.3.31 and the fact that the monodromy group of Cj\M„ has finite index 
in the monodromy group of Cj, one concludes that the group generated by pj^(Ti 2) and 
Pji(^2,3) resp., Pj2(^i,2) and Pj2(^2,3) has finite index in the monodromy representation of 
Cj^{P) resp., Cj^^P). Hencefore an isomorphism 

a : Mon°(3fJV(ji)M) ^ Mon°(5RV(j2)R) 
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yields an isomorphism 

a{P) : Mon°(£^-,(P)) ^ Mon\Cj,{P)). 

Thus one only needs to apply Proposition 15.3.11 □ 

Now let us first define the condition for the reaching of the upper bound and then 
write down the obvious theorem: 

Definition 5.3.5. Assume that one has for each Cj-^,Cj^ C Vr with ji ^ 32^^ ~ J2 and 
Mong(£jJ = Mon^(£jJ a stable partition 

P '■= {{Ctl}. {«2}, {as}, {^4, • • • , fln.+s}} 

(with respect to a suitable enumeration) such that the monodromy group of Cj^{P) or 
{P) is infinite and one of the following conditions is satisfied: 

1. Mon°(£j^(P)) and yiovP{Cj^{P)) are not isomorphic. 

2. There is a semisimple Dehn twist T^/ with k,i & {1,2,3} such that the non-trivial 
eigenvalue Z2 of Pjal^fc/) is not contained in {zi, zi}, where Zi denotes the non-trivial 
eigenvalue of pj^iTk^i). 

We call Vr very general in this case. 

A direct summand Vr is exceptional, if it is general, but not very general. 

By Proposition I5.3.4[ one concludes: 

Theorem 5.3.6. IfVr is very general, Mon''(Vr) reaches the upper bound C^^'^i^^). 

Theorem 5.3.7. // the degree m of the covers given by the fibers of C ^ Vn is a prime 
number m > 2, Mon°(V) = Mon(Vi) reaches the upper bound. 

Proof. By the preceding theorem, we have only to show that Mon''(V) = Mon(Vi) is very 
general. Note that Lemma [5.3.21 implies that there is a semisimple Dehn twist for m > 2. 

Assume that we are in the case of a family C — > Pi, and that ji ^ j2,rn — j2- Since 
Z/(m) is a field in our case, one has that each semisimple Dehn twist satisfies that the 
non-trivial eigenvalue of pj2{T) is not contained in {2:1,^1}, where zi denotes the non- 
trivial eigenvalue of pj^iT). Thus in this case the statement follows from Proposition 

Otherwise we have to find a stable partition P as in Proposition 15.3.41 One has 
without loss of generality the semisimple Dehn twist Ti 2. Moreover assume without loss 
of generality that di + d2 = m — 1. One has two cases: Either there is some 03 such that 

P = {{c^i}> {«2}, {%}, {04, • • • , a„+3}} 
is the desired stable partition or one has that 

^3 = . . . = dn+3 = 1. 

Since in the case m = 3 there is nothing to show, one can otherwise assume that m > 3 
and take the stable partition 

P = {{%}) {^4}, {05}, {ai, a2, ae, . . . , 0^+3}}. 

□ 
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5.4 The exceptional cases 



At this time the author does not see a possibihty to calculate the monodromy group of 
the VHS of an arbitrary family C ^ Vn- Hencefore we consider mainly a family C ^ Vi. 

5.4.1. Let pj-^ and pj^ denote the monodromy representations of Cj^ C Vr- Proposition 
I3.3.5l yields a description of Pj^{T) and Pj2{T) for some Dehn twist T. By this description, 
the entries of the matrices Pj^{T) and Pj2(T) differ by some 7 G Gal(Q(^^); Q). By its 
action on {^'') = Z/(^), each 7 can be identified with some [v] e (Z/(^))* such that 
[— v]™ = [— ]™. One has a subgroup Hi{'~f) of (^^') consisting of roots of unity fixed by 
7 and a subgroup -^2(7) of {^'^) consisting of roots of unity, on which 7 acts by complex 
conjugation. Since ji 7^ j2,^ — j2, one has that 7 is neither given by the complex 
conjugation nor by the identity. Thus -^1(7) resp., -^2(7) is given by {1} or some proper 
subgroup of (^^) generated by resp., 

^rt2(7)^ where 1 ^ ^1(7) and 1 ^ t2(7) divide 

m 
r 

For the rest of this section we consider only families C ^ Pi of degree m with an 
exceptional part Vr- Assume without loss of generality that Vi is exceptional and ji = 1. 
Let 7 correspond to v. For simplicity we write ti and ^2 instead of ^1(7) and ^2(7), and 
Hi and H2 instead of -^1(7) and H2{'~f). 

Lemma 5.4.2. Let C ^ Vi be a family of degree m covers such that Vi is exceptional. 
Then one is without loss of generality in one of the following cases: 

1. (Complex case) ti\di + d2, ti\d2 + ds andt2\di + d3, whereti does not divide di + d^. 

2. (Separated case) ti = 2 and 2 divides di + ^2, ^2 + d^ and di + ^3. 

Proof. If Vi is exceptional, then di + d2, d2 + d3 and di + d^ are divided by ti or t2. Assume 
that ti (resp., ^2) divides di + c?2, (^2 + ds and di + ^3. Hence one has ti = 2 (resp., t2 = 2) 
as in the proof of Lemma 15.3.21 Otherwise one has only to choose a suitable enumeration 
such that one is in the complex case. □ 

Remark 5.4.3. It can occur that one is in the complex case and the separated case with 
respect to the same eigenspaces (up to complex conjugation). Consider the family C — > Pi 
of degree 12 covers given by 

di = 5, d2 = I, d^ = 11, d^ = 7. 

Let V = 5. Then one has ti = 3 and t2 = 2 such that 3\di + d2, 3\d2 + d^ and 2\di + ^3. 
Now let V = 7. In this case one has ti = 2 and 2 divides di + d2, d2 + d^ and di + d^. By 
15.4.101 we will see that there is an isomorphism a : Mon°(3fJV(l))M Mon°(5RV(5))M. 
On the other hand consider the family C — Pi of degree 12 covers given by 

di = 11, d2 = 1, ds = 11, d^ = 1. 

Again by the same arguments, we are in the complex case and the separated case at the 
same time. But in this case the existence of a suitable isomororphism a : Mon°(3?V(l))K 
Mon°(3?V(5))K is not known to the author at this time. 
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5.4.4. Assume that the direct summand Vi is separated with respect to [v\rn G (Z/(m))* 
for a family C — > Pi of degree m covers. One has [v2\ = [2] in each separated case. This 
imphes that [2] [f — 1] = [0]. Hencefore one has [v] = [y + 1] G (Z/ (m))* in each separated 
case. Hence v G (Z/(m))* is an involution. The fact that [v] = [y + l] G (Z/(m))* implies 
that Y + 1 is odd. Hence 4 divides m. In the separated case ri = 2 divides each dk + di. 
Thus Vi is separated, if and only if 4|m and each dk is odd. 

Hencefore there are infinitely many cases of families C ^ Vi such that Vi is separated. 
At this time the author can not give an isomorphism a : Mon^'^(£i) Mon'''^(£2i+i ) for 
each separated example. 

By the preceding point we have classified and described all examples C ^ Vi such 
that Vi is separated. Hence we consider only the case of a family C —>■ Vi such that Vi is 
complex for the rest of this section. 

Lemma 5.4.5. Assume that Vi is complex. Then one has: 

„ , /, , \ \ m : m is odd 

t := lcm[ti,t2) = S rn 

1^ Y : m zs even 

Proof. If m is odd, HinH2 = {1} = {^'"j. If m is even, HinH2 = {1, -1} = (^^). □ 

Lemma 5.4.6. Assume that Vi is complex. Then one has that tit2 = m or tit2 = y. 
Moreover one has that tit2 = m, if m is odd, and tit2 = y, if 2\m, hut 4 does not divide 
m. 

Proof. If m is odd, one has i = lcm(ti,t2) = Hence one has t'it2g = m for g := 
gcd(ti,t2) and ti = gt[. Hence \Hi\ = t'2 and \H2\ = t[. li g > 2, there is a semisimple 
Dehn twist, whose order does not divide t[t2 (follows from Lemma [5.3.21) . But this can 
not occur by our assumption that Vi is complex. Hence g = 1, since (7 = 2 is not possible 
for m odd. 

If m is even, one has i = lcm(ti, ^2) = Hence one has ^1^25' = y for (7 := gcd(ti, 1(2) 
and ti = gt[. If (yf > 2, there is a semisimple Dehn twist, whose order does not divide t'^t^. 
Hence one has g = 1 or g = 2. Thus ^1^2 = m or tit2 = y. 

Now assume that 2|m, but 4 does not divide m. Then one has that y = \cm.{ti,t2) is 
odd. Hence one can not have that g = 2 m this case. Thus g = 1 and ^1^2 = y- D 

Example 5.4.7. In the case 4|m both tit2 = m and tit2 = y can occur. Let m = 24 and 
take f = 5 for the corresponding automorphism of Q{^)- In this case one has ti = 6 and 
^2 = 4 such that tit2 = 24 = m. 

Now let m = 24 and take v = 7. In this case one has ti = 4 and ^2 = 3 such that 
t,t2 = 12 = f . 

Proposition 5.4.8. Assumcj G Gal{Q{C,); Q) yields an example of a complex case. Then 
7 is an involution. 

Proof. Let [v] G Z/(m)* correspond to 7. One has that tit2 = m or tit2 = y. Since one 
has that [vti]m = [ti]m and [vt2]m = — [^2]™, one gets that 

{v — l)ti G (m) and {v + 1)^2 G (m). 

This implies that ^2 1(^^-1) and ti\{v + l) or (if tita = f) that 2t2|(f-l) and 2ti\{v+l). 
Hence in each case one obtains that 

-1 = (^v- l){v + 1) G (m). 

□ 
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Theorem 5.4.9. Let C — >■ Pi be a family of degree m covers. Then Vi is complex, if and 
only if the fibers ofC have the branch indeces di, . . . ,di with 2m = (ii + . . . + ^4 such that 

[vd2]m = [dl + d2 + dslm, [vdi]m = [-4]™, [^4]™ = [-dl]ra 



or 



m TTi m 

[vd2]m = [dl + C?2 + 4 + y]m, [vdi]m = ["4 + ^]m, b^Jm = [-(^1 + — ]m 

for some v with [v'^]^ = [l]m and [v]m ^ {[l]m, [m - l]m}- 

Proof. The condition 2m = di + . . . + d^ ensures that Vi is not special. 

By an abuse of notation, each integer z denotes the residue class [z]m in this proof. 
Assume that Vi is complex. Hence by Lemma [5.4.21 one has that 

2vd2 = v{{di + d2)-{di + d3) + {d2 + d3)) = {di + d2) + {di + d3) + {d2 + d3) = 2(di + rf2 + 4), 

2vdi = v{{di + d2) + {dl + d^) - (^2 + d^)) = {di + ^2) - {di + 4) - (c^2 + d^)) = -2^3, 
2vd3 = v{-{di + d2) + {dl + 4) + (c/2 + ds)) = -{di + ^2) - {di + 4) + (c^2 + d^)) = -2di. 
Hence one has two cases: 

m 

vd2 = di + d2 + ds or vd2 = di + d2 + d^ + — 

In the first case (resp., the second case) the fact that v{di + 6/2) = di + d2 implies that 
vdi = —ds (resp., vdi = —d-^ + y). Moreover in the first case (resp., the second case) the 
fact that v{d2 + ds) = d2 + d^ implies that vds = —di (resp., vd^ = —di + y). Hence we 
have obtained the claimed equations. 

Assume conversely that the family C ^ Vi satisfies one of the two systems of equations 
of this theorem. Then one can easily calculate that Vi is complex. □ 

5.4.10. Let C — Pi be a family of degree m covers. Assume that di,d2,d3 satisfy the 
first system of equations of Theorem 15.4.91 with respect to some v with [w^] = which 
satisfies that [v]m ^ {[l]m, ["^ — l]m}- Moreover let j G (Z/(m))* such that Cj C Vi with 
monodromy representation pj. Now we calculate that MonQ(^-)+ (Vi) does not reach the 
upper bound Cf'^^{g)Q(^^)+ in this case. 

Let ai = 0, 03 = 1 and = 00. The fundamental group of the corresponding copy of 
Ail is generated by Ti 2 and T2^3. One obtains that 

Let 7^ G Gal(Q(^);Q) denote the automorphism corresponding to [v]. The monodromy 
representation of Cj^ is given by 

/ ^jdi+jd2 _ ^-jds \ / g 

Pit) (^1,2) ^ ( 1 / ' Pi^^'^'^'^^ ^ ( ^jdi+jd2+jds _ ^jd2+jd3 ^jd2+jd3 

One calculates easily that 

I _ ^jdi ^jd2 _ ^jd2+jd3 ^jd2 _ ^jd2+jd-i _ ^jdi+jd2 _j_ ^jdi+jd2+jd3 



1 — ^~jda ^jdi+jd2+jd3 _ ^jd2+jd3 ^jdi+jd2+jdz _ ^jd2+jd3 _ ^jdi+jd2 _|_ ^jd2 



1. 
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Hence there is a 2; G Q(0 such that 7i'I<pj(Ti,2),p,(T2,3)> coincides with a|<p,(Ti,2),p,(T2,3)>, 
where a is given by 

( a h\ ( a zh\ 
\ c d J \ z~^c d J 

Thus by Lemma [5.2.41 the group MonQ(^-)+(Vi) does not attain its upper bound in this 
case. In addition one calculates easily that a is given by 

( a h\ ( ^ \( a h\( \ 

\c d )^ \ )\cd)\ ^ )' 

Thus the monodromy representations of Cj and Cjy coincide up to conjugation such that 
Lj and Cj^ are isomorphic for each j G (Z/(m))*. 

Corollary 5.4.11. There are infinitely many families C Vi such that Vi is complex 
and MonQ(-^)+(Vi) does not reach its upper bound. 

Proof. Let p,q E N such that gcd(p, g) = 1 with p,q ^ {1)2} and m := pq. Hence 
Z/(m) = X Z/(g). Let v <m correspond to (1, —1) G x 'L/{q). Thus we get 

[v"^] = [l]m and [v]m ^ {[l]-m, [m - l]rn}- One has that 

di = V, (^2 = 1, d^ = m — 1 

satisfies the first system of equations of Theorem 15.4.91 which guaranties by 15.4.101 that 
MonQ(^)+(Vi) does not reach its upper bound. Since there are infinitely many possible 
choices for p, g G N such that gcd(p, q) = 1 with p,q ^ {1, 2}, one obtains infinitely many 
families C ^ Vi such that Vi is exceptional. □ 



5.5 The Hodge group of a universal family of hyper- 
elliptic curves 

If the middle part Vm. is of type (1, 1), one obtains Mon°(V™) = Spq(2), since Sp]g(2) = 
SU(1, 1), and Mon^(V™) = SU(1, 1) as one has by Theorem EHH 

By using [32] Theorem 10.1 and Remark 10.2, one can conclude that the Hodge group 
Hg(V™) of an arbitrary middle part Vm coincides with Sp(Vi2:, Qvm )• For completeness 

2 2 ^ ~T 

we give an elementary proof. We use the the fact that 

MonO(V^) C Hg(V^) C Sp(V^,Qv^) 

and show by explicite calculations that the dimensions of the Lie algebras of Mon''(V^) 
and Sp(VHi,Qvm) coincide. 

2 T 

By Proposition [21331 each Dehn twist T^ ^+i yields a unipotent subgroup of Mon°(V^) 
isomorphic to Ga- Its corresponding subvector space of the Lie algebra is generated by 



Ae^i>+i{a,b) = { 1 




a = £ and b = £ — 1 
a = £ and b = £ + 1 
elsewhere 



Now we consider the middle part of type (2, 2). Hence we are in the case of the genus 
2 curves. For £ = 1,...,4 the matrices Ai^i+i generate a 4 dimensional vector space. 
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Moreover by [Aj^j+i, y4j+i^j+2] for i = 1,2,3, we get the 3 additional linearly independent 
matrices 



/ -1 1 \ 

10 



\ y 



/ \ 
0-101 
-10 10 
\ 0/ 



and 



/ 








\ 




















-1 





^0 


-1 





1/ 



By 



[^2,3, [^3,4, ^5]] resp., [[Ai,2,A2,3],A3,4] 

we obtain the two further linearly independent matrices 



/ \ 

0-10 



\ -1 1 / 



and 



/ -1 1 \ 



10 

\ / 



Thus the Lie algebra has at least dimension 9. Moreover one checks easily that 



[[A2,^2,3],[^,4,^4,; 



/ -1 \ 





\ 1 / 



is a tenth linearly independent matrix. Thus the well-known fact that Spq{4) has dimen- 
sion 10 implies: 

Proposition 5.5.1. //V™ %s of type (2,2), then Mon°(V-) = Sp(V-,gv,n). 

2 2 2 "2" 

Note that the quotient of Sp4(M) by its maximal compact subgroup is Siegel's upper 
half plane [)2, which has dimension 3. Since Ai^ has dimension 3, one concludes for the 
restricted family C_m3 — * A^3 of genus 2 curves: 



Corollary 5.5.2. The family C_ 



Ms 



A^3 of genus 2 curves has a dense set of CM fibers. 



Proof. One has (similarly to the proof of Theorem l4.4.4l) that the holomorphic period map 
p : Ais ^ i)2 has fibers of dimension 0. Since dim(f)2) = dim(A^3) = 3, one concludes 
that p is open. Hence the statement follows from the fact that f)2 has a dense set of CM 
points. □ 



We will use Proposition 15.5.11 and the calculations, which yield this proposition, to 
show the following theorem by induction: 

Theorem 5.5.3. IfVf is of type {g,g), then Mon°(V^) ^ Sp(V^,Qvm). 
Corollary 5.5.4. 

Hg(V^) =Sp(Vh.,Qv™) and MT(Vi.) = GSp(V^, Qv™ ) 
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It is a well-known fact that dim(Sp(Q(2(7)) = 2g'^ + Hence one gets 
dim(Sp^j(2(7 + 1)) = 2{g + lf + g + l = {2g^ + g) + {Ag + 3). 

We will show by induction that for each g E N the matrices Ag^e^i generate a Lie 
algebra, which has at least the same dimension as sp2g(Q)- This yields Theorem I5.5.3[ 
Since we have shown the statement for (7 = 1, 2, we will only give the induction step: 

Recall that we have defined L^-valued paths [ckSk] in Section 3.3. We consider a 
middle part of type {g + 1, g + 1) with respect to the basis B = {[ei^i], . . . , [629+2^29+2]}- 
The Dehn twists T^/+i for i = 1, . . . ,2g yield the monodromy group Gi of a middle part 
of type {g,g)- Hencefore by the induction hypothesis, they yield a group isomorphic to 

SP2,(Q)- 

Remark 5.5.5. One has the obvious embedding of Gi ^ GL(A^^(C™ , Q)) with respect 
to the basis Bi := {[ei6i], [e2gS2g], [e2g+252g+2], [623+3^29+3]} such that 

Gi3 \ 1 I G GL{N\Gr^, 




Moreover this embedding of Gi into GL(A^^(C™ , Q)) is given by 

/A V \ 
G^^A^\ 10 eGL{N\G^,Q)), 

with respect to the basis B, where f * = (t>i, . . . , V2g) is a vector depending on A. 

Since we consider the embedding with respect to the latter basis, we want to under- 
stand V, which is possible, if we understand the base change between the bases of the 
preceding remark. 

Lemma 5.5.6. Let G ^ be a hyperelliptic curve of genus g + 1. One has (up to a 
suitable normalization) 

^[e2i+i52i+i] = 0. 

i=0 

Proof. Let ( G H2{G,C) be a nontrivial linear combination of the closures of the sheets 
of \ 5*, on which ip acts via push-forward by the character 1 G Zi/(2). One has that 
d( represents a linear combination of [ei5i], . . . , [e2g+i(52g+3] £ Hi{G, C)i, which is equal 
to zero. Recall that over 5i U . . . U 52c,+3 the glueing of these sheets depends on the 
local monodromy data determined by the branch indeces of the branch points a^. Since 
each has the local monodromy datum —1, this linear combination is (up to a suitable 
normalization of [ei^i], . . . , [e2g+i52g+3]) given by 

^[e2i+i^2j+i] = 0. 

j=0 

□ 



•^Otherwise one has a description of sp2g(C) in [T7], page 239. By this description, one can easily 
determine its dimension. 
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5.5.7. By the preceding lemma, the matrices of base change between the bases B and Bi 
are given by 



/ 1 



M|i (id) 




1 



-1 \ 



/ 1 



and (id) 



-1 


1 
-1 



such that 



A V 
1 



A 



Mf^id) 



1 




Mj(id). 



Thus one calculates easily that vi = 0, if ai i = 1 and aij = for 2 < j < 2g and 
A = (aij). The exponential map exp is a diffeomorphism on a neighborhood of 0. Hence 
by the definition 

2 S 
TTl TfL 

cxp(m) = l + m + — + — + ..., 
2 o 

one concludes that each {iriij) G Lie{Gi) satisfies that mi^2g+i = 0, if mij = for all 
j — 1, . . . , 2g, which will play a very important role later. Otherwise exp would yield a 
matrix with oi^i = 1, aij = for 2 < j < 2g and 7^ as one can calculate by the fact 
that each (mjj) e Lie{Gi) satisfies that rriij — ior i > 2g. 

Lemma 5.5.8. Let io < 2g and jo < 2g be integers such that io — jo > 0. In the Lie 
algebra Lie{Gi) one finds an element {xfj'^°^) with x[l°!j'°^ ^ and x-j '•'"^ = 0, if i > io 
or j < jo or i — 1. 

Proof. Let ko '■— io — jo > 0. We show the statement by induction over ko- Each pair 
(io, Jo) with io - Jo = ^0 = 1 is given by (io, io - 1)- By Ao,jo+i> such an element is given 

for each (io, io — !)• 

Now let (io, Jo) be a pair with ko := io — jo > 1 and assume that the statement is 
satisfied for fco — 1, . . . , 1 > 0. Hence one has {x\j'''°~^^^) , Ajg+ijQ^2 € Lie{Gi). By 

one obtains the desired element of Lie(Gi), since one has the entry 



X. 



io JO 



X. 



(«o,jo+l) 
«o,jo+l 



{A. 



jo+lJo+2jjo+lJo 



□ 



Moreover the Dehn twists T2n-i,2n, ■ ■ ■ ,^29+2,2^+3 generate a group G2 isomorphic to 
the monodromy group of a middle part of type (2, 2), which has dimension 10. One can 
easily compare the matrices of Lie(G2) with the above explicitely given matrices of a 
middle part of type (2,2): "The restriction of the matrices of Lie{G2) to the lower right 
corner looks like the matrices of the Lie algebra of the monodromy group of a middle part 
of type (2,2)." 

Since the vectors 



Mg-l,2g-, A2g,2g+l and [^23-1,29, ^2g,25+l] 
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are contained in Lie{Gi) fl Lie{G2), both Lie algebras yield together a 2g'^ + g + 7- 
dimensional vector space of matrices (xjj), whose entries Xij vanish for j < 2g — 3 and 
i > 2g. Hence by using 

[^23+1,29+2, and [[A2g+i,2g+2, ^23+2,29+3], 

for jo < 2(7 — 3, one has Ag — Q additional linearly independent vectors. Thus we have 
altogether {2g'^ + g) + (4(7 + 1) linearly independent vectors. Hence 2 remaining linearly 
independent vectors are to find. Since x^-j'""'^ = for i = 1, in the constructed vector space 
of matrices {rriij) the coordinate mi^2g+i depends uniquely on the vectors in Lie{Gi) such 
that mi^2g+i = 0, if = for all j = 1, . . . , 2(7 as we have seen in I5.5.7[ Let 

Lie{Gl) 3 iVij) = [Ai,2, [A2,3, [. . . [A2g-l,2g, ^3,2^+1] •••]]• 

One checks easily that 

yi,2g+l 7^ 0. 

Now the matrix 

iVLj) = [{yi,j)i [^29+1,29+2, ^29+2,29+3]] 

satisfies y'i2g+i 0? Vij = hj ^ 2(7 and y[ 2g+2 — 0- Thus we have found a new 
vector not contained in the vector space, which we have constructed by Lie{Gi), Lie{G2) 
and some Lie brackets at the present. 

Note that all matrices (xjj), which we have found, satisfy xi^2g+2 = 0. But 

(Zij) := [(z/j J ), ^29+1,29+2] 
satisfies 2:1,29+2 7^ 0. Hencefore we are done. 

5.6 The complete generic Hodge group 

By this section, we finish our calculation (of the derived group) of the generic Hodge 
group and obtain the final result: 

Theorem 5.6.1. One has 

Mon°(V) = JjMon°(H.) 

r\m 

in the following cases: 

1. The degree m of the covers given by the fibers of C ^ Vn is odd. 

2. Vn = Vi and 6 does not divide m. 

Corollary 5.6.2. Assume that C Vn satisfies one of the following conditions: 

1. The degree m of the covers given by the fibers of C —>■ Vn is odd. 

2. Vn = Vi and 6 does not divide m. 
Then one has 

MT'^""(V) = Hg^"''(V) 3 JjMon°(V,). 

r\m 
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By Theorem 12.4.41 one has a CM- fiber, if the fibers of C — >■ have n + 1 branch 
points with the same branch index d. Thus by the fact that this imphes the equahty of 
Mon°(V) and MT'^'^'(V) (see Theorem EISD , one concludes: 

Corollary 5.6.3. Let the fibers ofC — > Vn have n+1 branch points with the same branch 
index d and C ^ Vn satisfy one of the following conditions: 

1. The degree m of the covers given by the fibers of C ^ Vn is odd. 

2- Vn = Vi and 6 does not divide m. 

Then 

MI'^''{V) = Hg^"'"(V) = JjMon°(V,). 

r\m 

Since C^^'^{g) is an upper bound for Hg'^'^''(Vr), one concludes finally: 
Corollary 5.6.4. Assume that C Vn satisfies one of the following conditions: 

1. The degree m of the covers given by the fibers of C ^ Vn is odd. 

2. Vn = Vi and 6 does not divide m. 

If all Vr except of the middle part are very general or special, one has 
^rpder^y) = Hg'^<='"(V) = Mon°(V) = JjMon°(V,). 

r|m 

Recall that we search for families C Vn with dense set of complex multiplication 
fibers. One obtains dense set of complex multiplication fibers, if one has an open (multi- 
valued) period map 

p : Mn{C) MT^^'{V){R)/K 

given by the VHS. Hence for our applications we need to know MT'^'^''(V) and the 
dimension of MT^'''{V){R)/K, but not MT(V) itself. Let us first prove Theorem ESU 
After this proof we will see that the (multivalued) period map of a family C A4i onto 
MT'^'''{V){R)/K is open, if and only if one has a (1, 1) - VHS. 

For the proof of Theorem 15.6.11 we use the same methods as before. One has that 
Mon^'^(V) is the direct product of the kernel of the natural projection 

Pi : Mon^'^(V) ^ Mon^'^(V^J 

and an adjoint semisimple group isomorphic to Mon'^*^(Vr-i). Moreover one has that 

Mon"<^(V) = JjMon"^(V,), 

r\m 

if and only if each Gr^ is contained in the kernels of the natural projections onto all 
Mon'''^(V^J with ri 7^ rg. 

We give a proof of Theorem 15.6.11 by contradiction. Thus we assume that 

Mon^(V) ^ JjMon^(H.). This implies Mon^'^(V) ^ JJ Mon^'^(V,). 

r|m r\m 
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Hence some Gr^ is not contained in the kernel of the projection onto Mon'^ (Vra) for 
some r2 7^ ri. Since all simple direct factors of resp., 6*^2 project isomorphically onto 
some Mon'^'^(£jJ resp., Mo'n.'^'^{Cj^), one gets an isomorphism 

a : Mon^'^(£^ J ^ Mon^'^(£jJ, 

which respects the respective projective monodromy representations. But by the following 
proposition, the isomorphism a can not exist, if the assumptions of Theorem 15.6.11 are 
satisfied. This yields the proof of Theorem 15.6. 1[ 

Proposition 5.6.5. Assume that ri := gcd(m,ji) 7^ r2 := gcd(m,j2)- Moreover assume 
that one of the following cases holds true: 

1. m is odd. 

2. Vn = Vi and 6 does not divide m. 
Then an isomorphism 

a ■ Mon'"^{Cj,) Mon'^'^(£jJ, 
which respects the respective projective monodromy representations, can not exist. 

Proof. Assume without loss of generality that ri < r2. This implies ^ > ^. There are 
two cases: Either 2ri 7^ r2 or 2ri = r2. 

If m is odd, one has y ^ 9 '■~ gcd(^, ^). Hence by Lemma (5.3.21 one finds a Dehn 
twist T such that Ppj^{T) is semisimple and the order of Ppj^{T) does not divide g. One 
has that Ppj,j{T) is either unipotent or semisimple. If Ppj^iT) is semisimple, its order 
divides ^. But the order of Ppj^{T) does not divide ^. If Ppj^^iT) is unipotent, its order 
infinite. But Ppj^{T) has finite order. However Ppj^{T) and Ppj^{T) do not have the 
same order. Hence such an isomorphism a : Mon'^'^(£jJ — > Mon^'^(£j2)) which respects 
the respective projective monodromy representations, can not exist in this case. 

Now assume that we are in the case of a family C ^ Pi, where 6 does not divide 
m. There is a Dehn twist T such that Ppj^{T) is semisimple. If Ppj^{T) and Ppj^{T) 
do not have the same order, one can argue as above. Otherwise all semisimple Dehn 
twists have the same order. Hence one must have 2ri = r2. The nontrivial eigenvalue 
of Pj2(T) is given by the square of the nontrivial eigenvalue ^ of Pj^{T). Note that the 
corresponding maximal tori are isomorphic to S"^, where = Gm,c- Thus its character 
group is isomorphic to Z. Hence the induced map of the corresponding maximal tori can 
be an isomorphism, only if one has C,'^ = C,~^ = C,- In this case ^ would be a primitive 
cubic root of unity, which implies that 3 divides m. Since we have that 2ri = r2, 6 would 
divide m. But by the assumptions, this is not possible. □ 

Remark 5.6.6. If 2ri = r2, there are many additional cases, in which a can not exist. 
These obvious cases are given, if for a Dehn twist T the order of the semisimple matrix 
PniT) does not divide if PniT) is semisimple and Pj^iT) is unipotent or if Cj-^ and 
Cj^ are of type (ai, 61) and (02, 62) such that 

(01,61)7^(02,62) and (01,61)7^(62,02). 

But in the case of the family C ^ Pi of degree 6 covers given by the local monodromy 
data 

di = d2 = I, d^ = d^ = 5 
nothing of them holds true with respect to Ci and £2- 



74 



Now let us finish tliis cliapter and state the final result about the period map: 
Theorem 5.6.7. In the case of a family C A^i the period map 

p:Mi{C)^ MT'^'''{V){R)/K 
is open, if and only if one has a pure (1, 1) — VHS . 

Proof. As we have seen in the proof Theorem I4.4.4[ the period map is open, if one has a 
pure (1, 1) - VHS. 

For the other direction assume that the period map is open and there are up to complex 
conjugation at least two different eigenspaces, which are not unitary. 

Lemma 5.6.8. Assume that we have a family Cmi Only if all Vr except for 

exactly one Vro are special, the period map 

can be open. 

Proof. Assume that ri and r2 divide m such that vi ^ r2 and and are not special. 
If 2ri 7^ r2 or if there is a Dehn twist, whose finite order with respect to does not 
divide ^ = the same arguments as in the proof of Proposition 15.6.51 imply that 

dim(MT'^"''(V)(M)/ir) > 1 = dim(7Wi). 

Hencefore the period map can not be open. 

Otherwise assume without loss of generality that vi = 1 and all semisimple Dehn 
twists have an order dividing y. This implies that all d/^ are odd and the degree m is 
even. Hence Mon°(VHi) is isomorphic to Spq(2), where its monodromy representation 
sends all Dehn twists to unipotent matrices. Thus dim(MT'^°'^(V)(]R)/-ft') > 1. □ 

By Lemma [5.6.81 these two eigenspaces, which are not unitary, must be contained in 
the same Vm, which must be exceptional. Hence assume without loss of generality that 

Vr, = Vl. 

In the separated case, the fact that all dk are odd (compare to I5.4.4p implies that 
Mon{^(V^) = Sp]g(2). Hence by Lemma [5. 6. 8^ we have a contradiction. 
In the complex case Lemma 15.4.21 implies without loss of generality that 

ti\di + d2, ti\d2 + d3, ti\di + d4, ti|rf3 + c?4- 

This implies that ti divides each dk or that ti does not divide any dk- Thus ti does not 
divide any dk- Hence Cm is a family of covers with 4 branch points, where p™.(Ti^2) and 
pm(T2 3) are unitary. Hence has an infinite monodromy group resp., it is not special. 
Thus by Lemma [5.6.81 we have a contradiction. □ 



75 



76 



Chapter 6 



Examples of families with dense sets 
of complex multiplication fibers 

6.1 The necessary condition SI NT 

By Theorem 14.4.41 one has a sufficient criterion for a dense set of CM fibers of a family 
C_\4„ M-n- This criterion is satisfied, if C has a pure (l,n) — VHS (i.e. its VHS 
contains one eigenspace of type (l,n), a complex conjugate eigenspace of type (n, 1) and 
otherwise only eigenspaces of the type (a, 0) and (0, h) for some a, 6 G No). 

Remark 6.1.1. Assume that the family C — of cyclic covers of degree m has a pure 
(l,n)-VHS and that is the eigenspace of type (l,n). Let jo ^ {^/(j^))*- Then we 
have 1 < ro := gcd{jQ,m). By Section 4.2, the family C^q has a pure (l,n)-VHS, too. 

Definition 6.1.2. A pure (1,"^) — VHS is primitive, if jo ^ (^/("^))*- Otherwise it is a 
derived pure (1,^) — VHS with the associated primitive pure (1,"^.) — VHS induced by 
CrQ, where Cr^ is given by the preceding remark. 

Hence first we search for families with a primitive pure (1,^) — VHS. Later we will 
look for families with a derived pure (l,^) — VHS. It is helpful to have a necessary 
condition to find the families with a primitive pure {l,n) — VHS. In [T3j P. Deligne and 
G. D. Mostow have formulated the following integral condition INT: 

Definition 6.1.3. A local system on P-*^ \ S* of monodromy (as)sgs with = exp{2TTifis) 
and /is G Q for all s G 5* satisfies the condition INT, if: 

1. < Us <l for all s e S. 

2. We have for all s,t E S: (1 — /is — fit)~^ is an integer, if s 7^ t and fis + fit < 1- 

3. Ef^s = 2. 

One can identify the local monodromy data, which yield the family C —>■ Vn i>j Con- 
struction l3.2.1l with the local monodromy data of the eigenspace Li of some fiber Cq for an 
arbitrary q EVn- Hence one can formulate the condition INT for the local monodromy 
data of the family. For the latter data we give a corresponding stronger integral condition 
SINT: 

Definition 6.1.4. A family C ^ P„ of cyclic covers onto given by the local monodromy 
data given by /i^ G Q around Sk & N satisfies SINT, if we have: 
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1. /ifc, + /ifca = 1 or (1 - fik^ - fik^) ^ G Z for all Sk^,Sk2 G N with Sfc, 7^ s^j. 

2. E/". = 2. 

Remark 6.1.5. The reader checks easily that for a family C —>■ Vi the conditions INT 
and SI NT are equivalent. Moreover by the list on [14J, page 86, each family C —>■ Vn 
with n > 2, which satisfies INT, satisfies SINT, too. 

At the present the author can not explain this fact. We use SINT instead of INT, 
since this yields a stronger and hencefore a more helpful condition. 

By the following theorem, we have our helpful necessary condition for families C, which 
have a primitive pure — VHS: 

Theorem 6.1.6. // the family C —>■ Vn has a primitive pure {l,n) — VHS, its local 
monodromy data can be given rational numbers satisfying SINT. 

For the proof of Theorem 16.1.61 we first reduce the situation to the case of a family 
C — s> Pi of covers with only 4 branch points. That means we will consider a pair of branch 
points of a fiber of C — * Vn, where C has a primitive pure (1,"^.) — VHS, as a pair of 
branch points with the same branch indeces of a fiber of a family C{P) — *■ Vi, which has 
a primitive pure (1, 1) — VHS. The following lemma will make it possible in almost all 
cases: 

Lemma 6.1.7. Assume that C is given by local monodromy data on at least 5 points, 
where one does not have 113 = . . . = fin+3 = \- Then there exists a stable partition P with 
{«i}, {02} e P such that \P\ = 40 

Proof. One can without loss of generality assume that + fi2 < 1- Otherwise we take 
the local monodromy data of Cm-i- 

Now assume that such a stable partition P with {ai}, {02} G P does not exist. Hence 
one must have /xi + /X2 + /^fc = 1 for all 3 < /c < n + 3. Otherwise one obtains the stable 
partition 

P = {{oi}, {02}, {ctfc}, {^3, • • • , flfc-i, flfc+i, • • • , a„+3}} 
Thus one must have 

:= = • • • = fJ'Uj+s- 

Since 

P = {02}, 04}, {as, . . . , anj+3}} 

is not a stable partition by our assumption, too, one has 

2/i = + /i4 = 1. Hence = -• 

□ 

6.1.8. The family of irreducible cyclic covers of given by the local monodromy data 

_ _ 1 _ _ _ 1 

/il — ^2 — 7, /i3 — /^4 — — 7 



^ Since the assumptions of this lemma are sufficient, we do not restrict to the interesting case of a 
family with a primitive pure (1, n) — VHS. 
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has a primitive pure (1, 2) — VHS. Moreover it is easy to calculate that this family satisfies 
SINT. 

But this is the only example of a family C ^ Vn with a primitive pure {l,n) — VHS 
with n > 1, which does not satisfy the assumptions of Lemma 16.1.71 It is very easy to 
see that this is the only degree 4 example with a primitive pure (1, Ti) — VHS for n > 1, 
which contradicts the assumptions of Lemma 16. 1.71 If m > 4, £3 must be unitary. But 
in this case the condition that 

n + 3 > 4 and [?>iJi^i = . . 

and Proposition 12.3.41 imply that 

/^3'°(C)>(EMi)-1 = 

k>3 

and 

/^3''(c)>E(i-M0-i 

fc>3 

Thus £3 is not unitary. 

6.1.9. Assume that C Vn has a primitive pure (1, n) — VHS. Hence £1 is without loss 
of generality the eigenspace of type {l,n). For our application of Lemma [6.1.71 we must 
check that the collision of Lemma (6 . 1 . 71 resp . . its corresponding stable partition yields a 
family C{P) Vi, which has a primitive pure (1, 1) — VHS. The family C{P) is given 
by = P with the local monodromy data 

a{afc,...,aa = ak- ai (V {a^, . . . , a^} G P) 

as in Construction 13.2m The fibers of C(P) have the degree m', where m' divides m. For 
j = 1, . . . , m' — 1 and q E A4i, the eigenspace ILj(P) in the Hodge structure of C{P)q with 
the character j is given by the local monodromy data 

If the eigenspace Cj in the VHS of C is of type (0,a), Proposition 12.3.41 implies that its 
local monodromy data satisfy 

+ . . . + [jf^n+sh = 1- 

Hence one has that 

[j>l]l + b>2]l + b>3 + • • • + + b>fe+l + • • • + J>n+3]l = 1, 

too. Thus by Proposition 12.3.41 ILj(P) is of type (0, a'). 

If Cj is of type (a, 0), Cm-j is of type (0, a). The dual eigenspace hj{Py of ILj(P) is 
given by 

[(m-j)/ii]i, [(m-j)/i2]i, [(m-j)/i3 + . . . + (m-j)/ife]i, [(m-j)/ifc+i + . . . + (m-j)/i„+3]i. 

The same arguments as above tell us that Lj(P)^ is of type (0, a'). Thus ILj(P) is of type 
(a',0). 

The restricted family (P) ^ Aii oi cyclic covers with 4 different branch points has 
a non-trivial variation of Hodge structures. This follows from the fact that each fiber of 
^M„ ~^ is isomorphic to only finitely many other fibers (compare to 14.4.21) . Hencefore 
the eigenspaces Li(P) and Lm'-i(P) are of type (1,1). In addition one concludes that 
m' = 2 or m' = m. 



■ — [3/in+3]l — 77 



A;>3 
fc>3 
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Now we are without loss of generality in the case of a family C ~^Vi with a primitive 
pure (1, 1) — VHS. For the proof of Theorem 16. 1 .61 we need the following lemma: 

Lemma 6.1.10. Let C and C he curves and 7 : Jac(C) Jac(C") he an isomorphism of 
principally polarized Ahelian varieties. Then there exists a unique isomorphism f : C —>■ 
C such that 

±7 o Op = afi^p) o f 
for each p ^ C, where and denote the respective Ahel-Jacohi maps. 

Proof. By |3l], Theorem 12.1, for each p & C and p' G C there is a unique isomorphism 
f : C C and a unique c G Jac(C") such that 

±7 o ctp + c = Ctp/ o /. 

Since (7 o ap){p) = G Jac(C") and (ctp/ o f){p) = [f{p) — p'] G Jac(C"), one has c = for 
p' = f{p). □ 

By the next proposition, we will apply Lemma 16.1.101 for our proof of Theorem I6.1.6t 

Proposition 6.1.11. Let qi,q2 G Vn and C —>■ Vn he a family of cyclic covers. Assume 
there is an isomorphism hetween the polarized integral Hodge structures of the fihers Cq^ 
andCq^, which respects the eigenspace decompositions of H^{Cq^,'C) and H^{Cg-^,C) . Then 
there is an isomorphism l : Cp^ Cp2 and an isomorphism a : ^ such that the 
following diagram commutes: 




Proof. Let 7 be an isomorphism of polarized Hodge structures respecting the eigenspace 
decompositions of if^(Cg^C) and H^{Cq-^C). Then there exists a suitable pair {ipi,4'2) of 
generators of the Galois groups of C^^ and Cq-^ such that 

7 ° (^1)* = (V^2)* 07- 

For simplicity we write ip instead of ipi and tp2- 

By the exponential exact sequence, an isomorphism 7 : H^{Cq^,Ij) H^^Cq^jZ) of 
polarized Hodge structures commuting with the action of ip on these integral Hodge 
structures induces an isomorphism 7' : Ja.c{Cq-^^) Jac^Cq^) commuting with ip^,. In other 
terms one has 

7' O ?/)^ = -j/)^ o 7' 

for the Jacobians. 

By Lemma I6.1.10[ one obtains a unique isomorphism Cp-^ such that 

L o ifj = iIj O i. 

Thus one obtains the desired automorphism a. □ 
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6.1.12. Now assume that C ^ Vn has a primitive pure — VHS. Moreover one 
can without loss of generahty assume that Ci is the eigenspace of type (l,n). Choose 

If /ii + /i2 = 1, there remains nothing to prove with respect to these two points for 
Theorem 16. 1.61 

Otherwise we let the branch points collide as in Lemma [6. 1.71 if we are not in the only 
exceptional case, which satisfies SI NT as we have seen in 16.1.81 Thus we can restrict to 
the case C ^ Vi. Assume that all 4 branch points of a fiber of C — Pi have pairwise 
different branch indeces. Hencefore there will not be an isomorphism a as in Proposition 
l6.1.11l for different fibers. Hence Proposition 16 . 1 . ITI implies that the fractional period map 
according to Ci\mi is injective. Now choose the embedding A^i corresponding to 

Pi = 0, P3 = 1, Pi = oo. 

By [30], Section 4, one can identify the fractional period map concerning Ci with some 
multivalued map, which is called Schwarz map. The Schwarz map is the composition of 
the multivalued map studied by P. Deligne and G. D. Mostow in |T1], which is defined by 
some integrals, with the natural map C""*"^ \ {0} P^. By [13], 9.6 and the preceding 
description of the fractional period map, there exists a sufficiently small neighborhood U 
of G F^\Aii such that the fractional period map concerning Ci is (up to a biholomorphic 
map) given by a; ^ 2,1-^*1-^*2 on f/ \ {0}. Hence the injectivity of the period map implies 
that (1 - /ii - /i2)"^ e Z. This yields SINT. 

6.1.13. Now we have the problem that we can not directly apply Proposition I6.I.IT] as 
before, if we assume that there are 4 branch points, where exactly two of them have the 
same branch index: Let pi and have the same branch index and p^ run around p2, 
where 

Pi = 0, p2 = 1, P4 = 00. 

The automorphism x — > interchanges and 00 and leaves a basis of neighborhoods 
of 1 G P^ \ TWi invariant. We have obviously the same problem, if we let pi run around 
P4. But for all other pairs ki, k2 G {1, 2, 3, 4} with ki 7^ k2 and the coordinates 

ki = 0, ^3 = 1, k4 = 00, 

Proposition 16. 1. iT] implies that the multivalued period map is injective on U\ {0}, where 
[/ is a sufficiently small neighborhood of G P^ \ A^i. Thus ki and k2 satisfy the integral 
condition 

1 - jJki - yWfca = or (1 - /ifcj - /ifcj"^ G Z. 

Hence one must ensure that the remaining pairs satisfy this latter condition, in order to 
show that SINT is satisfied: 

Let us change the enumeration and assume that fii = fi2- By Proposition 16.1.111 we 
can have 

1 2 
1- fii- H2 = J or 1 - /ii - /i2 = - or 1- fii- H2 = 

for some odd £ G Z. Note that 1 — /ii — /i2 = —(1 — /U3 — yU4), if /Ui + . . . + /i4 = 2. Hence 
we only have to exclude the second case (1 — /ii — ^12) = |. First assume that m is odd. 
In this case m — 2di is odd and the second case can not occur. Hence assume that m is 
even and let m = 2'*r, where r = k ■ i is odd. If the second case holds true, one has 

' , =-„^ r-'ki -d, = Tk ^d, = r-'kii - 2). 



81 



If s > 2, one has that di = d2 is even. Since C2 must have a trivial VHS, one has without 
loss of generality that ^3 = 2^~^ki. Since we have 

2m = di + . . . + d^, 

which is even, where di, c?2, ds are even, too, d^ must be even. But in this case the cover 
is not irreducible. Hence we must have s = 1. Since C2 must have a trivial VHS, one has 
without loss of generality d^ = ki. Since we have 

2m = di + . . . + d^, 

which is even, where ^1,(^2,^3 are odd, one must have that d^ is odd, too. But in this 
case Cki is the family of elliptic curves and we do not have a primitive pure (1,1) — VHS. 
Hencefore the second case is excluded. 

Remark 6.1.14. If we have 4 branch points and more than exactly two of them have the 
same branch index, one can have the additional simple cases 

Ail = Ai2 = or /ii = /i2, /i3 = /i4- 

For these very simple cases one can directly calculate all occurring examples of families 
C ^ Vi with a primitive pure (1, 1) — VHS. Then one can verify by their local monodromy 
data that Theorem 16.1.61 holds true in these cases as we will do now. 

Remark 6.1.15. One must without loss of generality have 

di < di resp., di = d2 = d^^ < d^ or di = d2 < d^ = d^ 



in the simple cases, if m > 2. Otherwise we would obtain 

di = d2 = d^ = d^ = — , 
which implies that C is not irreducible, if m > 2. 



Lemma 6.1.16. Assume that the family C ^ Vi with the branch indeces di = d2 = d^ ^ 
di has a primitive pure (1,1) — VHS . Then the degree m is odd and satisfies m < 9. 
Moreover one has without loss of generality that di = d2 + d^ = 1. 

Proof. By the assumptions we have that 2m = 8(^1 + ^4. Hence g = gcd(m, di) = 1 divides 
di, too, which implies by the irreducibility of the fibers of C that g = 1. Thus if m is 
even, we have that di = d2 = d^ and d^ are odd. But then C:^ would be the family of 
elliptic curves such that Cir is of type (1, 1). Contradiction! Hence m must be odd. 

It remains to show that m < 9. Since gcd(m, di) = 1, the fibers are without loss of 
generality given by 

y"" = x{x - l){x - X) 

such that C[in:] is of type (1, 1) as one can calculate by Proposition 12.3.41 By Proposition 
I2.3.4[ one can calculate the type of £ m-3 by its local monodromy data, too. For this local 
system one gets that 



2 



m-3 (m-3)(m-3) 

^^^^^'^^ 2^ 

m — 3 m — 3 (m — 3)(m — 3) m — 3 (m — 3)(m — 3) 

3 him — 3) = 

2m ^ ^ 2m ^ 2m ^ 2 ^ 2m ^ 
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Now let us assume that 9 < m. Since m must be odd, we obtain 

m — 3 (m — 3)(m — 3) m — 3 m — 6 9 m — 3 m — 7 



2m ''^ ^ 2m 2 ' 2 ' 2m' 2 2 

This result and Proposition 12 . 3 . 41 imply that £ m-3 is of type (1, 1) in this case, too. Hence 
we do not have a pure (1, 1) — VHS, if 9 < m. □ 

Remark 6.1.17. In the case of the preceding lemma one obtains all examples of families 
C Vi with a primitive pure (1, 1) — VHS by m = 5, 7, 9, which satisfy SINT as one 
can calculate easily, too. 

Remark 6.1.18. If we are in the second simple case di = d2 ^ = d^, one obtains 

di + ds = d2 + di = m. 

By the fact that di ^ d^, one concludes that /ii, /is 7^ |. Hence the local monodromy data 
of £2 satisfy [2/ij]i 7^ for alH = 1, . . . , 4. Moreover one has 

[2/ii]i + [2/i3]i = [2/i2]i + [2Hi = l- 

Hence £2 is of type (1, 1) and C can have a primitive (1,1) — VHS, only if m = 3. Thus 
the only possible case is given by 

/il = /i2 = - and /is = /i4 = -, 
which satisfies SINT as one can easily verify. 

6.2 The application of SINT for the more comph- 
cated cases 

In the preceding section we have seen that SINT is a necessary condition for families 
C ^ Vn with a primitive pure (l,n) — VHS. In addition we have given all examples of 
families C — *• Pi with a primitive pure (1, 1) — VHS, which do not satisfy that at most 
two branch points have the same branch index. Here we calculate all examples of families 
C ^ Vi with a primitive pure (1, 1) — VHS, which satisfy that at most two branch points 
have the same branch index. 

By technical reasons, we will sometimes assume m > 4. Note that the only possible 
case of a family C ^ Vi oi degree 3 covers with a pure (1, 1) — VHS is given by Remark 
I6.1.18[ where the only possible case of degree 2 covers is given by the elliptic curves. Thus 
this assumption does not provide any restriction for the more complicated cases. 

Note that in the case of a family C — > Pi the condition SINT is equivalent to INT. 

Remark 6.2.1. By [14j, 14.3, one can describe all families of covers C —>■ Vi, whose local 
monodromy data satisfy INT, such that there is not any pair ki,k2 G {1,2,3,4} with 
ki 7^ k2 satisfying /i^^ + /i^.^ = 1, in the following way: Let (p, q, r) G with ^ + ^ + ^ < 1 
and 1 < p < q < r < 00. Then in the case of 4 branch points these solutions of INT for 
covers can be given by: 

1111, 1111 

/^i = o 1 + /i2 = -!-- + , 

2 p q r 2 p q r 

1111, 1111 

/^3 = 7jl + , /i4 = -l + - + - + - 

2 p q r 2 p q r 



2. 
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We have that 



111 

Ail+Ai2 = l , /^l+/i3 = l , Ai2+Ai3 = l • 

pgr 

Thus p ,q, and r divide the degree m of the cover. This fact and the equations, which use 
p, q, and r for the definition of the different /ij, imply that we have 

m = lcm{p,q,r) or m = 2 ■ lcm{p,q,r). 

If we are in the case of a family with a primitive pure (1,1) — VHS such that all local 
monodromy data satisfy fi^i + f^k2 7^ 1 ^"^^ &t most two branch points have the same 
index, we are in the case of Remark 16.2. II with the additional condition p < r. Hence let 
us first consider this case. Later we will consider families with at most two branch points 
with the same branch index and some fiki + fJ'k2 = 1; which is the last remaining subcase. 

Now let £ := lcm(p, q, r). 

Lemma 6.2.2. Let C ^ Vi be given by p, q, r as in Remark \6.2.1\ where p < r, and have 
a primitive pure (1, 1) — VHS . Then one has 

1 _ 1 1 
pgr 

Proof. Since p\i resp., p\m, we have the family Cp, which must have a trivial VHS. This 
implies that there is a (ijg with ^Idi^, which implies that ^\di^. Since 



i i i i 

di„=i±-±-±- or 2di„ =e±-±-± 
pgr p q r 



one concludes that -|(- ± -). From the fact that - > - and - > -, one obtains 

p w g r ' p — g p r' 

i i i 111 

- = — I — . Hence - = — I — . 
pgr p q r 

□ 

Lemma 6.2.3. Let C — > Pi be a family with a primitive pure (1, 1) — VHS , which is 
given by p,q,r as in Remark \6.2.1l where p < r. Then the family C and the eigenspace 
Li are given by the local monodromy data 

_11 _11 _1 _11 

/^l — o ' — , /^3 — 77' /^4 — - + -• 

2 q 2 r 2 2 p 

Proof. By Lemma I6.2.2[ we have 

1 _ 1 1 
pgr 

This equation and Remark 16.2. H this imply that C and Li have the local monodromy 
data 

_11 _11 _1 _11 

/^l — o ' — 77 ; /^3 — 77; — 77 + ~- 

2 q 2 r 2 2 p 

□ 
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Remark 6.2.4. Let C — > Pi is a family of covers of degree m > 4 with a primitive 
pure (1, 1) — VHS satisfying the assumptions of Lemma I6.2.3I Moreover assume that 
3 ^ (Z/ (m))*. Hence the assumption that C ^ Vi has primitive pure (1, 1) — VHS imphes 
that the family C3 must have a trivial VHS. Thus all fibers of C3 must be isomorphic. 
Hence they are ramified over at most 3 points. By Lemma 16.2.31 one concludes that 

0=[^--]i, 0=[l-ki or 0=[i + ^], 
2 q 2 r 2 p 

Since /i4 = | + ^ < 1, one concludes that 2 < p < q < r. Thus one has 

p = 6, g = 6 or r = 6. 

Hence one can determine all examples of families C ^ Vi with a primitive pure (1, 1) — 
VHS in this case as we will do now: 

6.2.5. Keep the assumptions of Remark 16.2.41 In the case p = 6 one has that [Sfi^li = 0. 
One can have q = 7,8, 9, 10, 11, 12, where q = 12 implies that 

1 _ 1 1 _ 1 _ 1 
Q p^ q r 12' 

which leads to a family with a primitive pure (1, 1) — VHS. Now we verify that q = 
7, 8, 9, 10, 11 do not lead to a family with a primitive pure (1, 1) — VHS: One must have 
that L5 is unitary. It has the local monodromy data 

/.3=2 and /^4=[- + -]i = 3. 

Hence one must have that 

6-^^ = f2-g]^' 

which is satisfied for q = 10, 11, but not for q = 7,8, 9. For g = 10 we have that 

1 _ 1 1 _ 1 
r p q 15 

This leads to a family given by the local monodromy data 

_4 _13 _1 _2 
^^-10' '"'"SO' ^^-2' ^'-3- 

One calculates easily that the eigenspace £7 in the VHS of this family is given by 

_ 4 _ 1 _ 1 _ 2 
^^-5' ^'-30' ^'-2' ^'-3- 

Hence this family has not a pure (1,1) — VHS. 
For g = 11 we have that 

1 1 _ 5 
p q 66 

Hence the equation of Lemma 16.2.21 can not be satisfied in this case. 
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6.2.6. Keep the assumptions of Remark I6.2.4I Moreover assume that g = 6. In this case 
we can have p = 3,4,5, where p = 3 imphes 



1 _ 1 1 _ 1 _ 1 
p 3' g r 6' 

which yields an example of a family with a primitive (1, 1) — VHS. For p = 4 resp., p = 5 
Lemma 16.2.21 and Lemma 16.2.31 yield a family of covers given by the local monodromy 
data 

_ 1 _ 5 _ 1 _ 3 
/^i — ~ 12 ~ 2' ~ 4 

resp., 

_1 _14 _1 _7 
- 3' - 30 - 2' - To- 

Hence one can easily verify that £5 is an eigenspace of type (1, 1) in both cases. Thus 
p = 4, 5 do not lead to a primitive pure (1, 1) — VHS. 

6.2.7. Keep the assumptions of Remark 16.2.41 Moreover assume that r = 6. In this case 
Lemma [6.2.21 implies that 

1 > 2 _ 1 
p ~ r 3 

Hence one has p = 2 or p = 3, where p = 2 would imply that /i4 = 1, and p = 3 yields 
the same example of a family with a primitive pure (1, 1) — VHS as in 16.2.61 

Now we have considered the subcase given by 3 ^ (Z/ (m))*. We start the consideration 
of the subcase given by 3 G (Z/(m))* by the following lemma: 

Lemma 6.2.8. Let C ^ Vi be a family with a primitive pure (1, 1) — VHS, which satisfies 
that each ^^.^ + ^^.^ 7^ 1. Then one has m > 4. 

Proof. We know that one must have m > 4 in the considered case. Thus we must only 
exclude m = 4. Since for a family C of degree 4 covers with a primitive pure (1,1) — VHS 
the family C2 must have a trivial VHS, one has without loss of generally di = 2. By 
the assumption that each /i^^ + /x^j 7^ 1, one concludes that di, ^2, d^ are not equal to 2. 
Hence di,d2, d^ are odd. But this contradicts our assumptions, which imply that we have 
the even sum 

2m = di + . . . + d4^. 

□ 

Remark 6.2.9. Keep the assumption of Lemma [6.2.31 If m > 4, the eigenspace L3 is not 
of type (1, 1). Assume that 3 is a unit in Z/(m). Thus Lemma [6.2.81 implies for the local 
monodromy data of L3 that ^ /Xj = 3 or ^ /ij = 1. Recall that /is = |. Hence ^f^i = 3 
implies that 

1 



/il, /i2, /i4 > -• 



By Lemma [6.2.31 one concludes that 



3 3, 33 
/^i = - - - and /i2 = - - -. 
2 q 2 r 
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By Lemma [6.2.21 this implies that 

3 3 3 3 1 1 3 3 1 3 

/i4 = 3-/Xi-/X2-/X3 = 3- - + -- - + -- - = -- + - + - = -- + - 

2 q 2 r 2 2 p q 2 p 

in this case. This imphes that p,q,r < 6. 

In the case ^/Xj = 1 one gets /ii,/i2,At4 < |- By Lemma 16.2.21 and Lemma 16.2.31 this 
imphes that 

13 13 13 

/ii = - - -, /i2 = - - - and /X4 = -- + - 
2 q 2 r 2 p 

such that p < 6 and q,r > 6. 

Remark 6.2.10. The case p,q,r < 6 does not yield any example of a family with a 
primitive pure (1, 1) — VHS, since no triple [p, q, r) G N'^ with 2<p<q<r<6 satisfies 
both 

111 111 

= - and - H h - < 1 

pgr p q r 

as one can check by calculation for each example. 

6.2.11. Assume that we are in the case p < 6 and o, r > 6. Since - + - = -, one has 
i < 2i such that 6 < q < 2p and 3 < p < 6. Hence one has two cases: p = 4 or p = 5. 
Thus by using that ^ — ^ = I, one calculates that only the examples given by 

p = 4, q = r = 8 and p = 5, g = r = 10 

have a primitive pure (1, 1) — VHS in this case. 

Now we consider the last remaining case of a family C Vi with a primitive pure 
(1, 1) — VHS. In this case there are at most 2 branch indeces equal and one has some 

Lemma 6.2.12. Let C ^ Vi a family of cyclic covers. If there are ki,k2 G {1,2,3,4} 
such that dk^ + d^^ = rn with di < d2 < d^ < d^, then one has 

di + d^ = m and d2 + d^ = m. 

Proof, (quite easy to see) □ 

Remark 6.2.13. By the preceding lemma, we have that di+d/i, = (i2 + c?3 = m, if there are 
ki, ^2 € {1, 2, 3, 4} such that dk^ + dk2 = with di < d2 < d^ < d^. Hence ii di + d^ = m 
resp., ^3 = (i4, one gets di = d2, too. But this contradicts the assumption that at most 2 
branch indexes are equal. Hence by SINT, one gets 

1 1 

Hl+ H2 = l < 1, Hi + H3=l < 1, Ai2 + = 1 

p q 
with p, g G N and p < q. Hence one obtains similarly to Remark 16.2.11 with ^ + ^ < 1: 

/^l = 7;l , /i2 = -l-- + -, 

2 p q 2 p q 

I, 11, 1. 1 Is 

/^3 = 7jl + X /^4 = -l + - + - 

2 p q 2 p q 
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Lemma 6.2.14. Assume that the local monodromy data of Remark \6.2.1^ yield a family 
of degree m > 4 with a primitive pure (1, 1) — VHS. Then one has p = q and m is even. 

Proof. In the case of Remark 16.2.131 the eigenspace L2 is given by the local monodromy 
data 

11 . 1 L rl It 11 

/il = 1 , 1^2= [I h - 1, /X3 = 1, /i4 = - + -• 

p q p q p q p q 

Thus in this case £2 is of type (1,1), if and only if p < q. Hence one can obtain a 
primitive pure (1, 1) — VHS, only ii p = q. Now p = q implies that /i2 = A^s = for the 
local monodromy data of L2. Hence the family of covers has an even degree. □ 

Proposition 6.2.15. Assume that the local monodromy data of Remark \6.2.l3 yield a 
family of degree m > 4 with a primitive pure (1, 1) — VHS . Then p = q < Q. 

Proof. By the preceding lemma, the assumptions imply that p = q. Hence by Remark 
16.2. 13[ we have: 

p-2 1 p+2 

f^l = , /i2 = = 77' = — (6.1) 

2p 2 2p 

If p > 6, then L3 has the local monodromy given by 

p — 6 1 p + 6 

Hence Proposition 12.3.41 implies that £3 is of type (1, 1) in this case. □ 

Lemma 6.2.16. Assume that the local monodromy data of Remark 1 6'. 2.1^ yield a family 
of degree m > 4 with a primitive pure (1,1) — VHS . Then p must be even. 

Proof. Assume that p is odd. Since gcd{p — 2, 2p) = 1 in this case, one gets a family of 
degree 2p with branch indeces 

di= p-2, d2 = d-i=p, d4 = p + 2. 

Thus all branch indeces are odd, and Cp is a family of elliptic curves such that Cp is of 
type (1, 1). Contradiction! □ 

Remark 6.2.17. Keep the assumptions of the preceding lemma. Since one must have 
/ii > 0, the preceding proposition and (16.11) imply that 

3 < j9 < 6. 

Since p = q must be even, one can only have p = 4 and p = 6. 

1. For p = 4 one obtains the example of a family with a primitive pure (1, 1) — VHS 
given by 

_ 1 _ _ 1 _ 3 

2. If p = 6 one has the example of a family with a primitive pure (1, 1) — VHS given 

by 

1 12 
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6.3 The complete lists of examples 



In this section we give the complete hsts of examples of families C Vn with primitive 
(1, n)-variations or derived pure (1, ?T,)-variations of Hodge structures. 

By our preceding calculations, we get the following complete list of families of covers 
C — *• Pi with a primitive pure (1, 1) — VHS, where "ref" denotes the number of the 
preceding remark, lemma, proposition or point yielding the respective example: 



number 


degree 


branch points with branch index 


genus 


ref 


1 


2 


1111 


1 


(known) 


2 


3 


12 2 1 


2 


16.1.181 


3 


4 


12 2 3 


2 


16.2.171(1) 


4 


5 


13 3 3 


4 


16.1.171 


5 


6 


14 4 3 


3 


16.2.60 6.2.71 


6 


6 


2 3 3 4 


2 


16.2.171(2) 


7 


7 


2 4 4 4 


6 


16.1.171 


8 


8 


2 5 5 4 


5 


16.2.111 


9 


9 


3 5 5 5 


7 


16.1.171 


10 


10 


3 6 6 5 


6 


16.2.111 


11 


12 


4 7 7 6 


7 


16.2.51 



We will later see that each derived pure (1, n) — VHS is in fact a derived pure (1, 1) — VHS. 
In the next section we will verify that we get the following complete list of families of 
covers C ^ Vi with a derived pure (1, 1) — VHS, where A^^o means the number of C^q in 
the preceding list, which has the corresponding primitive pure (1, 1) — VHS: 



degree 


branch points with branch index 


genus 


ro 




4 


1111 


3 


2 


1 


6 


1113 


4 


3 


1 


6 


12 2 1 


4 


2 


2 



Note that any family C ^ Vn with a primitive pure (1, n) — VHS satisfies SI NT, which 
implies INT. Hence by consulting the list of [11] on page 86, which contains all examples 
satisfying INT for n > 2, (and the calculation of the types of the eigenspaces of the 
corresponding covers), we have the following complete list of families of covers with a 
primitive pure (1, n) — VHS for n > 1: 



degree 


branch points with branch index 


genus 


3 


2 1111 


3 


4 


2 2 2 1 1 


3 


5 


2 2 2 2 2 


6 


6 


3 3 3 2 2 


4 


3 


111111 


4 



In [To] R. Coleman formulated the following conjecture: 

Conjecture 6.3.1. Fix an integer g > 4:. Then there are only finitely many complex 
algebraic curves C of genus g such that Jac(C) is of CM type. 
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Remark 6.3.2. J. de Jong and R. Noot p5] resp., E. Viehweg and K. Zuo [17] have given 
counterexamples of families with infinitely many CM fibers for g = 4,6. In our lists here 
we have counterexamples for g = 5,7. 

J. de Jong and R. Noot resp., E. Viehweg and K. Zuo needed to show first the existence 
of one fiber with CM for the proofs that their examples of families have infinitely many 
CM fibers. In the proof of Theorem I4.4.4[ which implies that the examples of this section 
have dense set of complex multiplication fibers, we did not need to show the existence of 
one CM fiber first. 

But by the fact that our examples C —>■ Ain with a dense set of CM fibers satisfy that 
n + 1 branch points have the same branch index. Theorem 12.4.41 yields the CM-type of 
one CM fiber and hencefore by Lemma [1.5.8[ the CM-type of a dense set of CM fibers. 

6.4 The derived variations of Hodge structures 

In this section we determine the families of cyclic covers with a derived pure (1, n) — VHS 
and verify that the list of examples in the preceding section is complete. 

Remark 6.4.1. Assume that the family C of degree dm covers has a derived pure (1, n) — 
VHS induced by Cd. Let 

d=pT-...-pr 

be the decomposition of d into its prime factors. Then there exists a family of covers of 
degree pim with a derived pure {l,n) — VHS. Hence there are two cases to consider first: 
d is a prime number and divides m, or (i is a prime number and does not divide m. 

Lemma 6.4.2. Let p be a prime number. Assume that d is a prime number such that 
gcd{d,p) = 1. Then a family C of covers of degree p ■ d with a derived pure (1, n) — VHS 
induced by Cd can not exist, if all Dehn twists yield semisimple matrices with respect to 
the monodromy representation of Cd. 

Proof. Since Cp must have a trivial VHS, there exists a d2 such that d divides d2. Moreover 
there is a di such that d does not divide di. Hence gcd{d, di + ^2) = 1. By the fact that 
Cd has the property that its local monodromy data satisfy /ii + /i2 7^ 1, one concludes 
that gcd{p,di + ^2) = 1, too. Hence [di + d2]dp is a unit in Z/{dp). Thus there exists 
a do e (Z/^dp))* such that do[di + c?2]dp = 1- One obtains that the sum of the integers 
of {1, ... ,p — 1} representing [dodi]dp and [dod2]dp is given by dm + 1. By Proposition 
I2.3.4[ one concludes that Cdo is not of type (0,n + 1). Moreover the fact that the local 
monodromy data of Cd^ satisfy 

dp + 1 dp — 1 

/ii+/i2 = — , /i3 < — 3 , H4 + . . . + Hn+s < n 

dp dp 

tells us that 

/il + . . . + yU„+3 <n + 2. 

Hence one concludes by Proposition 12.3.41 that Cdo i^ not of type (n + 1, 0), too. □ 

Lemma 6.4.3. Let m = 2^p, where p ^ 2 is a prime number and t > 1. Assume that d 
is a prime number such that gcd{d,m) = 1. Then a family C of degree m ■ d covers with 
a derived pure {l,n) — VHS, which is induced by Cd, can not exist. 
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Proof. Since C2 must have a trivial VHS, one has di = . . . = dn = 2^~^dp. By the fact 
that Cp must have a trivial VHS, we obtain that 2^d divides n different branch indeces. 
Since there must be at least two different branch indeces, which are not divided by d, dn+2 
and d„+3 are not divided by d. By the fact that di = . . . — dn = 2^~^dp is not divided by 
2*d, one must have n — 1 and that 2*c? divides d2. Moreover the facts that 

di + . . . + 4 G (m) = (2*p(i) and 2\d2 

imply without loss of generality that 2 does not divide ^3. We have two cases: Either pld^ 
or this does not hold true. In the first case one has that 2, p and d, do not divide d2 + d^. 
Hence d2 + (is is a unit, and again we use the argument that there is a do G {2,/ {dm))* 
such that [doc^2 + d^d^ — 1. 

In the other case ^3 yields a unit of Z/ {dm). Hence we have without loss of generality 
(ia = 1. Thus g := gcd{dm, di + ^3) e {1, 2}. If = 1, we are done again. Otherwise we 
must have t = 1, ii g = 2. Hence 

[{pd — 2){di + d3)]dm ^pd + pd — 2^dm — 2 

such that Cpd-2 is neither of type (0, n + 1) nor of type (n + 1, 0), since the fact that 2*6? 
divides d2 implies that [{pd — 2)d2]dm 7^ [^]dm- D 

Lemma 6.4.4. Let p be a prime number and m = p^ with t > 2. Assume that d is a 
prime number such that gcd{d,p) = 1. Then there can not be a family C of degree m ■ d 
covers with a derived pure {l,n) — VHS, which is induced by Cd- 

Proof. Since Cp must have a trivial VHS, one concludes without loss of generality that 
(jpt-^ divides di, . . . ,dn- Since d and p divide 

dp* ^ di + . . . + dn+3, 

too, p resp., d does not divide at least two different elements of {dn+i, dn+2, dn+s}- Hence 
there is an element of {dn+i, dn+2, dn+3}, which is not divided by both d and p. Without 
loss of generahty dn+i is a unit in Z/(2*d). Hence one has without loss of generahty 

[di + dn+l\dm — [l]<im- D 

There are only few remaining examples, which do not satisfy the assumptions of the 
preceding lemmas. One of these examples is considered in the following lemma: 

Lemma 6.4.5. Let d 3 be a prime number. There can not be a family of covers of 
degree 3d with a derived pure (1,2) — VHS induced by Cd given by the local monodromy 
data 

1 2 

//l — . . . — ^4 — -, //5 — g- 

Proof. Let gcd{d, 3) = 1 and C be a family of degree 3d with a derived pure (1, 2) — VHS. 
Since C3 should have a trivial VHS, one has with a new enumeration d\di and d\d2. 
Moreover one has without loss of generality that d^ and (i4 are not divided by d. Hence d 
divides neither di + d^ nor ^2 + '^4- Moreover the local monodromy data of Cd tell us that 
3 does not divide di + d^ or ^2 + c^4- Hence without loss of generality di + ^3 is a unit in 
Z/{3d) such there is a rfo G (Z/(3(i))* with the property that [dodi + dod^l^d — 1, which 
implies that hd^ is of type (1, 2) or of type (2, 1). □ 
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The reader checks easily that all examples of families with a primitive pure (l,n) — 
VHS satisfy with two exceptions the assumptions of one of the preceding lemmas. These 
two exceptions yield examples of families with a derived pure (1, n) — VHS as we will see 
now. 

6.4.6. Now we consider the case of the elliptic curves. Let d be a prime number with 

gcd((i, 2) = 1 and C be a family of degree d ■ 2 covers with a derived pure (1, 1) — VHS 
induced by Cd- Thus rfi, . . . , ^4 must be odd. Without loss of generality we have d^ = d, 
since C2 must have a trivial VHS. Since d^ = d would imply that Li is of type (1, 1), one 
has that di,d2,d^ e (Z/(2(i))*. We have two cases. Either di = 0^2 or this does not hold 
true. In the first case we put di — d2 — d — 2. One has 

2d<di + d2 + d4<2-2d 

such that Li is of type (1, 1), if 4 < rf. Thus one can have d = 3. In this case one has a 
family of degree 6 covers, where (i4 = 3. Hence one must have 

1 1 

In the second case, one puts ds — d — 2. This implies that ds + d4 — 2d — 2. Since 
di 7^ ^2, one can not have di — d2 — 1 such that Li is of type (1, 1) in this case. 

6.4.7. Now we consider the case number 2 in the list of examples with a primitive pure 
(1,1) — VHS. Let d be a prime number with gcd{d, 3) = 1 and C be a family of degree d ■ 3 
covers with a derived pure (1,1) — VHS induced by Cd- Assume without loss of generality 
that d divides di and di + . . . + d4 = 3d. We have 2 cases: Either d divides 0^2, d^ or 0^4, or 
d does not divide d2, d^ and d^. In the first case one has without loss of generality that 
d divides ^2- Since d divides di and di + . . . + d^ — 3d, one concludes that di — d2 — d. 
This imphes that £2 is of type (1, 1) such that d — 2. In addition one concludes that 

di — d2 — 2, d^ — di — 1. 

In the second case one has that 3 does not divide d{di + di) for exactly one k G {2, 3, 4}, 
which follows by the branch indeces in the case number 2. Hence 3 does not divide di + d^. 
Moreover d does not divide di + d^, too. Hence di + dfe e (Z/(3d))*. 

Proposition 6.4.8. Let d he a prime number, which divides m and C he a family of 
covers of degree md. Assume a Dehn twist yields a semisimple matrix of maximal order 
m with respect to the monodromy representation of Cd- Then C can not have a derived 
pure (l,n) — VHS induced by Cd- 

Proof. Assume without loss of generality that Pd{Ti^2) yields a matrix of order m. In this 
case [d{di + ^2)] G Z/ (dm) has the order m. Hence the fact that d divides m implies that 
di + d2 e {Z/{dm)y. □ 

Remark 6.4.9. One can easily check that the assumptions of the preceding proposition 
are satisfied for all examples of families with a primitive pure (1, n) — VHS except of the 
case of elliptic curves. In this case we have in fact an example of a family of degree 4 
covers with a derived pure (1, 1) — VHS. Without loss of generality we have 

di + . . . + ^4 = 4. 

Hence the only possibility is given by 

di = . . . = di = 1. 
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6.4.10. In the case of the elhptic curves we have famihes of degree 6 and degree 4 covers 
with a derived pure (1, 1) — VHS. Hence one must check that there is not a family of 
degree 8, 12 or 18 covers with derived pure (1, 1) — VHS in this case. 

First we check that there is not a family C of degree 8 covers with a derived pure 
(1, 1) — VHS. Otherwise one has such a family C of degree 8 covers such that C2 is the 
family of degree 4 covers with a derived pure (1,1) — VHS. This implies that each dk 
satisfies [dk]^ = [1]4 or each dk satisfies [dk]^ = [3]4. Moreover one has without loss of 
generality that di + . . . + d4 — S. Hence it is not possible that each dk satisfies [dk]4 = [3]4. 
Thus the only possibility is (up to the numbering) given by 

di = 0^2 ~ C?3 ~ 1, C?4 ~ 5. 

But in this case £3 is of type (1. 1). Thus there can not exist a family of degree 8 covers 
with a derived pure (1,1) — VHS. 

There can not be a family of degree 12 covers with a derived pure (1,1) — VHS 
induced by Cq. Otherwise one has that C3 the example of degree 4 covers with a derived 
pure (1, 1) — VHS. Thus one concludes that 

[di]^ = . . . = [d^li = [1]4 or [cii]4 = . . . = [ci4]4 = [3]4. 

Since one has without loss of generahty that di + . . . + ^4 = 12, the only possibilities are 
given by 

di — d2 — 5, ds — d^ — 1 and o?i = 9, d2 — ds — d^ — 1. 

In the first case £2 is of type (1, 1) and in the second case £5 is of type (1, 1). 

There can not be a family of degree 18 covers with a derived (1, 1) — VHS induced 
by Cq. Otherwise one has that C3 is the example of degree 6 covers with a derived pure 
(1, 1) — VHS induced by the elliptic curves. Thus one concludes that 

[di\e = . . . = [dsle = [1]6 and [^4)6 = [3]6 

or 

[rfije ==... = [dsle = [5]q and [d^le = [3\q. 

Since one has without loss of generality that di + . . . + d^ = 18, the only possibilities are 
given by: 

di — 13, d2 — ds — 1, di — 3 

di — d2 — 7, d^ = 1, di — 3 

di = 7, d2 = d^ = 1, di = 9 

di — d2 — ds — 1, di — 15 

di — d2 — ds — 5, di — 3. 

One has that £5 is of type (1, 1) in case 1, £2 is of type (1, 1) in case 2, £5 is of type (1, 1) 
in case 3, £7 is of type (1, 1) in case 4 and £2 is of type (1, 1) in case 5. 

6.4.11. It remains to show that there can not exist a degree 12 cover with a derived 
(1, 1) — VHS induced by the degree 3 cover given by 

di = d2 = 1, d^ = di = 2. 
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Otherwise one has such a family C of degree 12 covers such that C2 is the family of degree 
6 covers with a derived pure (1, 1) — VHS by the degree 3 example above. Thus one 
concludes that 



or 



[di]6 = [d2]6 = [2]q and [dsle = [d^e = [Ije 



[cii]6 = [dile = [4]6 and [d^le = [ci4]6 = [5]6 



Since one has without loss of generahty that di + . . . + ^4 = 12, the only possibilities are 
given by 

di = 8, d2 = 2, ds = d4 = 1 and di = d2 = 2, d^ = 7, ^4 = 1. 

One has that £5 is of type (1,1) in the first case and one has that £3 is of type (1,1) in 
the second case. 
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Chapter 7 



The construction of Calabi-Yau 
manifolds with complex 
multiplication 

7.1 The basic construction and complex multiplica- 
tion 



Now we have finished our considerations on Hodge structures of cyclic covers of P^. We 
start with the second part, which is devoted to the construction of families of Calabi-Yau 
manifolds with dense set of complex multiplication fibers. 

In the works of C. Borcea [7j, [8], of E. Viehweg and K. Zuo [17] and of C. Voisin 
|49] the methods to obtain higher dimensional Calabi-Yau manifolds contain one common 
basic construction. In this section we describe this construction and explain how it yields 
complex multiplication. For this construction we need Kummer coverings. Let A — B he 
a principal divisor with (/) = A — B for some / G C(X). The Kummer covering given by 

C(X)( "r/l) is nothing but the normalization of X in C(X)( ^/f). 



Let Vi and V2 be irreducible complex algebraic manifolds and A resp., S be a bundle of 
irreducible algebraic manifolds with universal fiber A resp., B over Vi resp., V2. Moreover 
let Z resp., E be a cyclic Galois cover of A resp., a cyclic Galois cover of B of degree m over 
Vi resp., V2 ramified over a smooth divisor. We assume that the irreducible components 
of these ramification divisors intersect each fiber of Z resp., S transversally in smooth 
subvarieties of codimension 1. Thus we assume that Z and S are given by Kummer 
coverings of the kind 



where Di, . . . , Dk are (reduced) smooth prime divisors, which do not intersect each other. 

Example 7.1.1. By a cyclic degree 2 cover S ^ R of surfaces (or in general algebraic 
varieties), one has an involution on S. Let us assume that the surface S* is a smooth K3 
surface. Moreover assume that there exists an involution l on S, which acts via pull-back 
hj —1 on r {uj s) ■ It has the property that it fixes at most a divisor D, whose support 
consists of smooth curves, which do not intersect each other (see |49j, 1.1.). Moreover by 
[49j . 1.1., to give an involution l on 5", which acts by —1 on r(ci;5), is the same as to give 
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a cyclic degree 2 cover 5 — > i? of smooth surfaces. In this case R is rational, if and only 
if D ^ 0. 

We consider the following commutative diagram, which yields the basic construction: 
— -y ^^^AxB -^1X^2 (7.1) 

5 C 

7 ~ a 

z X s ^3^ 

First we explain the upper line of this diagram: The cyclic covers Z and S can locally be 
described by equations of the type 




2/"= n /^(^i' 



,k 



over any open affine set A of ^ resp., B, where is the (reduced) equation of Di in A. 
The Galois transformations are given by 

{y,xi,...,Xj)^{e ^ . . . ,Xj) 

for some k G Z/(m). Hence we have a natural identification between Z/(m) and the 
Galois groups given by [k]m gk- By the describtion of the covers above in terms of 
Kummer coverings, this identification is independent of the chosen open affine subset. 
Now 7 is the quotient by 

G:=((l,l)) c G" := Gal(Z;^) X Gal(S;i3), 

and a is the quotient by G'/G. The morphism ( is given by the blowing up of the fiber 
product of the supports of the branch divisors of Z and S. Moreover 6 is the blowing up 
along the singular points of y', which is given by the intersection locus of the ramification 
divisors, and (3 is the blowing up with respect to the corresponding inverse image ideal 
sheaf. Hence a and 7 are the unique cyclic covers obtained by the universal property of 
the blowing up (compare to [22], H- Corollary 7.15). By the construction of a, one can 
easily check that a is not ramified over the exceptional divisor. Hence the branch locus 
of a is smooth. This implies that y is smooth, too. The ramification locus of 7 is given 
by the smooth exceptional divisor of (3, since G leaves the generators of the inverse image 
ideal sheaf invariant as one can see by the following remark: 

Remark 7.1.2. Now we describe Z x H. A neighborhood of the preimage point p ^ ZxH 
of a singular point can be identified with an open neighborhood of G x B, where B is 
a ball of suitable dimension and the Galois group acts via (xi, X2) {e~Xi, e~X2) with 
respect to the coordinates on C^. Due to [5J, III. Proposition 5.3, each singular point of 
y has an analytic neighborhood isomorphic to V{x^ = y^~^z) x B. Hence locally we 
have the product of a cover of surfaces with B. One should have B in mind. But for the 
description of 2 x S, it is sufficient to consider only covers of surfaces. The inverse image 
ideal sheaf with respect to this cover is generated by {x^'^x^ : i = 0, 1, . . . By the 
Veronese embedding for relative projective manifolds, one can easily identify the blowing 
up with respect to this ideal with the blowing up with respect to the ideal generated by 
{xi, X2}. But this is the blowing up of the origin resp., the preimage point of the singular 

point. Hence in the general situation ^ x E is given by the blowing up of the reduced 
preimage 7~^(S'), where S is the singular locus of y . 
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Now we have described the basic construction. Next we see that this construction 
yields complex multiplication. We use following fact: 

Proposition 7.1.3. For all a & A, and h E B, we have the following tensor product of 
rational Hodge structures on the fibers: 



a+b=n 

such that 

p+p' =r,q+q' =s 

Proof, (follows from [SU], Theorem 11.38) □ 

We want to construct higher dimensional varieties with complex multiplication. The 
first main tool is: 

Proposition 7.1.4. Let hi and /i2 he rational polarized Hodge structures. Then h^ = 
hi (S) /i2 is of CM type, if and only if hi and /i2 are of CM type. 

Proof, (see [7], Proposition 1.2) □ 

By the fact that y is not smooth, but the blowing up y is smooth, y will be our 
candidate for a family of Calabi-Yau manifolds with dense set of complex multiplication 
fibers. Hence we must consider the behavior of the Hodge structures under blowing up: 

Lemma 7.1.5. Let X he an algehraic manifold of dimension n and X he the hlowing up 
X with respect to some suhmanifold Z D X of codimension 2. Then Hg(if^(X,Z)) is 
commutative, if and only i/ Hg(if*^(X, Z)) anc? Hg(i^^^^(Z', Z)) are commutative, too. 



Proof. By [50], Theorem 7.31, we have an isomorphism 

H\X, Z) © H^-'^{Z, Z) = H^{X, Z) 
of Hodge structures, where H^^'^{Z, Z) is shifted by (1, 1) in bi-degree. Since 

}lg{H\X,Z)) = }lg{H\X,Z)®H''-\Z,Z)) C }lg{H\X,Z)) x YLg^H^'-^Z^Z)) 
such that the natural projections 

Hg(i7*^(X, Z)) ^ Yig{H^{X, Z)) and Yig{H^{X, Z)) ^ Hg(//'=-2(Z, Z)) 
are surjective (compare to [57], Lemma 8.1), we obtain the result. □ 

Corollary 7.1.6. Let X he a smooth surface and X he the hlowing up of some point 
p E X . Then X has complex multiplication, if and only if X has complex multiplication, 
too. Moreover we ohtain that 

Rg{H\X,Z))^Rg{H\X,Z)). 

Now we want to consider the behavior of the fibers. Hence for simplicity we assume 
now that Vi = V2 = Spec(C) in diagram fl7.ll) . By the fact that y has the Hodge 

structure given by the Hodge sub-structure of 2 x S invariant under the Galois group, 
one concludes: 
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Theorem 7.1.7. If for all k the groups }lg{H\Z,Q)) , Hg(if'=(S, Q)) andB.g{H\Zi,Q)) 
are commutative^ then }lg(H''(y,Q)) is commutative for all k, too. 

Remark 7.1.8. At first sight the condition that for all k the groups B.g{H^{Z,Q)), 
Hg(i^*=(S,Q)) and B.g{H''{Zi,Q)) have to be commutative may seem to be a little bit 
restrictive. But by the Hodge diamond of a Calabi-Yau n-manifold with n < 3 or the 
Hodge diamond of a Calabi-Yau n-manifold given by a projective hypersurface, one sees 
that the condition that all its Hodge groups are commutative is equivalent to the condition 
that it has complex multiplication. Moreover we will need this condition for an inductive 
construction of families of Calabi-Yau manifolds with dense set of complex multiplication 
fibers in arbitrary high dimension in the next section. 

7.2 The Borcea-Voisin tower 

Recall that we want to construct families of Calabi-Yau manifolds with a dense set of CM 
fibers. Hence let us now define Calabi-Yau manifolds: 

Definition 7.2.1. A Calabi-Yau manifold X of dimension n is a compact Kahler manifold 
of dimension n such that r{Qx) = alH = 1, . . . , n — 1 and ux = Ox- 

By the construction of the preceding section, which we will use, we need more and we 
get more than only complex multiplication. Hence let us define, which we will get: 

Definition 7.2.2. A CMCY family X B of ra-manifolds is a (smooth) family of 
Calabi-Yau manifolds of dimension n, which has a dense set of fibers Aj, satisfying the 
property that Hg(if'^(A'b, Q)) is commutative for all k. 

In this section the degree m of all cyclic covers, which will occur, is equal to 2. We apply 
the construction of a Calabi-Yau manifold with an involution by two Calabi-Yau manifolds 
with involutions by C. Borcea [Hj. This yields an iterative construction of CMCY families 
with involutions in arbitrary high dimension by CMCY families in lower dimensionjl 

Construction 7.2.3. Let be a CMCY family of n-manifolds covering the A 

bundle A with ramification locus Ri, which satisfies the assumptions for Z in diagram 
f mj) . Moreover let be a CMCY family M^'^ of nrmanifolds covering the Bj 

bundle Bi over Al^*) with ramification locus R^'^\ which satisfies the assumptions for S in 
diagram (17.11) . for all 1 < z G N. 

Let us assume that there is a dense subset of points m^*) G A^^*) resp., p G ^A, which 
have the property that each Hg(if'^((Ilj)^(i), Q)) and each Hg(if^(i?^''(i), Q)) resp., each 
}ig{H^{{Zi)p,Q)) and each Hg(i/*^((i?i)p, Q)) is commutative. 

We define an iterative tower of covers 

Z, V(^) ■.= Mx X ... X 

^One needs in fact the condition that each Hg(i/'^(Zi, Q)) is commutative. The argument is similar 
to the argument in the proof of Proposition 110.3.21 

^The construction of C. Borcea is repeated in Proposition l7.2.5] By C. Voisin [49], the same construc- 
tion was used to construct Calabi-Yau 3-manifolds by XB-surfaces with involutions and elliptic curves. 
This is the reason that our construction here is called "Borcea-Voisin tower" . Here this construction is 
introduced as a systematic method to construct Calabi-Yau manifolds with complex multiplication in an 
arbitrary dimension. 
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given by 

Zi = A 

where is obtained from 3^ in the diagram frO) with Vi = V^'-^\ V2 = M^'\ S = Si 
and Z = for all z G N. Let us call such a construction Borcea-Voisin tower. 

The assumption that we have ramification in codimension 1 on the fibers of a family of 
Calabi-Yau manifolds leads to the important property that the corresponding involutions 
act by —1 on the global sections of their canonical sheaves, as we see by the following 
Lemma: 

Lemma 7.2.4. Let C be a Calabi-Yau manifold and t be an involution on it. Assume 
that the points fixed by l are given by a non-trivial (reduced) effective smooth divisor D. 
Then l acts by —1 on H^{C,uJc) ■ 

Proof. By our assumptions, the induced natural cyclic cover j : C —>■ C/ 1 is ramified over 
a smooth non-trivial divisor D such that C/l is smooth. Hence one has a cyclic cover 
of manifolds and one can apply the Hurwitz formula (compare [5|, I. 16). Since C has 
a trivial canonical divisor, the Hurwitz formula implies that Oc{—D) = 7*(a;c/J. This 
implies that uc/i. does not contain any global section. Since uc/l yields the eigenspace for 
the character 1 of 7*(co'c) (see [IS], §3), the character of the action of l on H^{C,uc) is 
not given by 1. Thus it is given by —1. □ 

Proposition 7.2.5. Assume that 71 : Ci ^ Mi and 72 : C2 — > M2 are cyclic covers of 
degree 2 with the involutions Li and L2 and ramification divisors Di C Ci and D2 G C2, 
which consist of disjoint smooth hyper surf aces. Moreover assume that Ci and C2 are 
Calabi-Yau manifolds of dimension ni and n2. Let Ci x C2 denote the blowing up of 
Ci X C2 with respect to Di x D2. Then by the involution on Ci x C2 given by (ii, L2), one 
obtains a cyclic cover 7 : Ci x C2 — C such that C is a Calabi- Yau manifold. 

Proof. We assume that each Ci is a Calabi-Yau manifold such that h^'^{Ci) = for all 
t = 1, . . . ,ni — 1. By the assumption that one has the ramification divisors Di and D2 
and Lemma [7.2.41 the corresponding involution of each 7^ acts by —1 on each tuc-.. Thus 
one concludes that h^'^{C) = for all j = 1, . . . , (^i + ^2) — 1. 

The canonical divisor K^^-^ of Ci x C2 is given by the exceptional divisor E of the 

blowing up Ci X C2 — Ci X C2. Moreover the ramification divisor i? of 7 coincides with 
E. Hence by the Hurwitz formula ([5J, 1.16), we have 

Thus one concludes that '~f*{ujc) = O. 

Since li and L2 act by the character —1, the involution (^-1,^2) on Ci x C2 leaves the 
global sections of oJx—-^ invariant. Now recall that 'yJoJ- — ^ ) consists of a direct sum of 
invertible sheaves, which are the eigenspaces with respect to the characters of the Galois 
group action. By [16j, §3, the eigenspace for the character 1 is given by uc- Thus uc 
has a non-trivial global section. Hence the canonical divisor of C satisfies (up to linear 
equivalence) Kc > 0. Thus by the fact that Yi^c) — O, we have the desired result 
i^c ~ 0. □ 

Altogether one has the following result: 
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Theorem 7.2.6. Each family Zi ^ Mx A^(^) x . . . x M^^^ obtained by the Borcea-Voisin 
tower is a CMCY family of n + n2 + . . . + rii-manifolds . 

Proof. The statement that each (2j)p is a Calabi-Yau manifold follows fiberwise by in- 
duction. By the assumptions, we have the result for n = 1. First by induction, one can 
show that the ramification loci are given by smooth divisors. By using this fact and the 
induction hypothesis, one can apply Lemma 17.2.41 such that each involution acts by the 
character —1 on each T^u). Hence the assumptions of Proposition 17.2.51 are satisfied, 
which provides the induction step. 

Next we want to show the statement about the commutativity of all Hodge groups over 
a dense subset of the basis. Due to the situation described in diagram (17.11) the connected 
components of the ramification locus (-Rj+i)pxm.(*+i) of (2i+i)pxm(»+i) over p x m^*^-'^^ G 
are given by the connected components of {Zi)p x and by the 

connected components of {Ri)p x (Sj+i)^, where {Ri)p is the ramification locus of {Zi)p. 

Hence it is sufficient to use an inductive argument and to show the following Claim: □ 

Claim 7.2.7. Assume that for all k the Hodge group Hg(iJ^((2j)p, Z)) is commuta- 
tive and each connected component Z of the ramification locus {Ri)p satisfies that each 
Hg(i7'^(Z, Z)) is commutative. In addition we assume that for all k the Hodge group 
Hg(if^(Sj+i)^(i+i), Z)) is commutative and each connected component Zi^i of R^^^^-^^ sat- 
isfies that each Hg(iJ^(Zi+i, Z)) is commutative. Then for all k each connected compo- 
nent Z of (i?j+i)pxm(»+i) satisfies that each Hg(if'^(Z, Z)) is commutative and for all k 
Hg(if'^((Zj+i)pxm('+i)7 ^)) commutative. 

Proof. By the assumptions of this claim and the description of -Rj+i above, one obtains ob- 
viously that the connected components Z of (i?j+i)pxm('+i) satisfy that each }ig{H^{Z, Z)) 
is commutative. Then one must simply use Theorem 17.1.71 and one obtains that each 
B.g{H''{Zi^i)py,j^(i+i),Z)) is commutative, too. □ 

7.3 The Viehweg-Zuo tower 

By the Borcea-Voisin tower, one can construct CMCY families of manifolds in arbitrary 
high dimension. But one needs CMCY families of manifolds (in low dimension) with a 
suitable involution, which can be used to be Zi or some Sj. One way to obtain some 
suitable CMCY families of n- manifolds (in low dimension) is given by the Viehweg-Zuo 
tower, which we introduce now. 

E. Viehweg and K. Zuo [47J have constructed a tower of projective algebraic manifolds 
starting with a family J-'i of cyclic covers of given by 

D V{yl + Xi{xi — Xo){xi — axo){xi — /3xo)a;o) — > (a, /3) G M.2-, 

which has a dense set of CM fibers. This is one example of a family of cyclic covers, 
which has a primitive pure (1,2) — VHS as one can easily verify by using Proposition 
12.3.41 Since each of these covers given by the fibers of the family can be embedded into 
P^, the fibers of J-'i are the branch loci of the fibers of a family JF2 of cyclic covers onto P^ 
of degree 5. Moreover the fibers of JF2, which can be embedded into P^, are the branch 
loci of the fibers of a family JF3 of cyclic covers onto P'^, which can be embedded into P^. 
The family ^F^ is given by 

P^ ^V{yl + yl + yl + xi {xi - xo){xi - axo){xi - (3xo)xo) {a, (3) e M2. 
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Thus the fibers of JF3 are Calabi-Yau 3- manifolds. By an inductive argument, this latter 
family has a dense set of CM points on the basis given by the dense set of the CM points 
of the family of curves we have started with (see |17j). Since only the Hodge group of the 
Hodge structure on H^{X, Q) of a projective hypersurface X C can be non-trivial, the 
family JF3 is a CMCY family of 3- manifolds. 

Example 7.3.1. By Theorem 12. 4. 4[ the fibers of isomorphic to 

V{yl + xl + xl), V{yl + x^{x\ + xl)), V {y\ + x^{x\ + xl)x^) 
have CM. Thus the fibers of JF3 isomorphic to 

V{yl + yl + y\ + x\+xl), V{yl + yl + y\ + xi{x\+xl)), V{yl+yl+yl+Xi{x\ + xl)xQ) C 
have CM, too. 

Example 7.3.2. We consider the CMCY family J^a 

P^ D V{yl + yl + yl + xi{xi - xq){xi - axo)(xi - I3xq)xq) {a, (3) e M2 

constructed by E. Viehweg and K. Zuo. On each fiber (^^-3)^ the involution l given by 

t-ivs ■.y2-yi-xi: xo) = (?/2 -.ys-yi-xi: xo) 

leaves the smooth divisor T>p given by the equation 7/3 = y2 invariant. Moreover one has 
that Vp = (J^2)p- Therefore there is a dense set of points p G A42, which have the property 
that for all k the Hodge groups of H^(Vp,Q) and H^{{J^3)p,Q) are commutative. Hence 
one can use ^F^ to be Zi or some Sj for the construction of a Borcea-Voisin tower of 
CMCY families of n- manifolds. 

Example 7.3.3. Let denote the Fermat curve of degree d > 2. The curve has 
complex multiplication (see [27] and [19]). By the construction of E. Viehweg and K. Zuo 
in [17], one concludes that the Calabi-Yau manifold given by 

nEa:f)cP'^-^ 

i=0 

has complex multiplication. Since is a projective hypersurface, this implies that 
has only commutative Hodge groups. We have the involution La given by 

{xd-i : . . . : X2 : xi : Xo) ^ {xd^i : . . . ; X2 : Xq : Xi) 

on Hd- If d is even, one has the additional involution Lb given by 

{xd-i : . . . : Xi : Xo) ^ {xd-i : . . . : Xi : -Xq). 

The involution La resp.. Lb (if it is given on Hd) fixes the points of a smooth divisor on Hd, 
which is isomorphic to 

d-2 

v{j2xf) cP'^-^ 

i=Q 

Therefore by the same arguments as in Example 17.3.21 one can use Hd to be Zi or some 
Sj with Ai = Spec(C), resp., = Spec(C) for the construction of a Borcea-Voisin 

tower of CMCY families of ?7,-manifolds. 
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We want to start the construction of a Viehweg-Zuo tower (of projective hypersurfaces 
as in [47j or the construction of a modified version) with a family of cychc covers C — >■ Ain 
of with a dense set of CM fibers. For the smoothness of the higher dimensional fibers 
of the resulting families, we will need the assumption that the fibers of C are given by 

Viy"" + x{x - -ai)...{x- a„)) C (7.2) 

where m divides n + 3 such that all branch indeces coincide. 

By our preceding results, we have only the following examples of families of cyclic 
covers onto with a dense set of CM fibers, which satisfy this assumption: 



degree m 


number of ramification points of the fibers 


2 


4 


2 


6 


3 


6 


4 


4 


5 


5 



Remark 7.3.4. The case with m = 2 and 4 ramification points is the case of elliptic 
curves, which has been considered by C. Borcea in [7]. The case with m = 5 yields the 
example by E. Viehweg and K. Zuo in |47j . 

The case with m = 3 is one of the examples of a family of covers onto P^ with a 
dense set of CM fibers by J. de Jong and R. Noot [25]. We must a bit work to give a 
suitable modified construction of a Viehweg-Zuo tower for this example. The next chapter 
is devoted to this modified construction of a Viehweg-Zuo tower. 

In the case of the family C M.3 of genus 2 curves the author does not see a possibility 
for the construction of a Viehweg-Zuo towerjf] 

The case with m = 4 yields the Shimura- and Teichmiiller curve of M. MoUer 
which provides the example of the next section. 

7.4 A new example 

Here we see that the Shimura- and Teichmiiller curve of M. MoUer yields an example of a 
Viehweg-Zuo tower. Moreover we will see that the resulting CMCY family of 2-manifolds 
is endowed with some involutions, which make it suitable for the construction of a Borcea- 
Voisin tower. In addition we try to decide, which involutions provide isomorphic quotients 
resp., isomorphic CMCY families by the construction of a Borcea- Voisin tower. 

Proposition 7.4.1. The family C2 ^ M.i given by 

P^ D V{y2 +yt + xi{xi - xo){xi - \xo)xo) A G Mi 

is a CMCY family of 2-manifolds. 

•^One natural choice for an embedding of the fibers of the family of genus 2 curves is given by the 
weighted projective space P(3, 1, 1). But the canonical divisor of the desingularization of P(3, 1, 1) does 
not allow a natural construction of a Viehweg-Zuo tower as in the case of P(2. 1, 1), which we will see in 
the next chapter for the degree 3 case. 
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Proof. It is well-known that a hypersurface of of degree 4 is a i^TS-surface. 

By |17j, Notation 2.2, and Corollary 8.5, we have that Aq is a CM-point of C2, if Aq is 
a CM-point of the family Ci ^ M.i given by 

D Viyl + xi{xi - xq){xi - Xxq)xq) ^ A G Mi. 

Note that Ci has in fact a dense set of CM fibers, since it has a derived pure (1,1) — VHS 
as we have seen. Since only the Hodge group of the Hodge structure on iy^(X, Q) can 
be non-trivial for a ii'S-surface X (follows by definition resp., by the Hodge diamond of 
a i^'3-surface) , the family C2 is a CMCY family of 2-manifolds. □ 

Now we give some examples of CM fibers of C2: 

Remark 7.4.2. Consider the family £^ ^ A^i of elliptic curves given by 

P^ D Viy^xo + xi{xi - xo){xi - Axq)) ^ A G Mi. 

Note that Ci has a derived pure (1, 1) — VHS, where £ has the associated primitive pure 
(1, 1) — VHS. Thus the Hodge structure decomposition of Proposition 14.2.21 tells us that 
the fiber {Ci)\ has CM, if the fiber £\ has CM. In the proof of Proposition 17.4. II we have 
seen that {C2)\ has CM, if {Ci)x has CM. Thus by the CM fibers of £, we can determine 
CM fibers of C2. 

Example 7.4.3. By Remark 17.4.21 the well-known CM curves with j invariant and 
1728 yield CM fibers of C2 isomorphic to 

V{yt + yt + {x\ - xl)x,), V{yt + yt + x{ + x^) C ¥\ 

Theorem 12.4.41 yields the same examples. 

Example 7.4.4. By [22] IV. Proposition 4.18, one concludes that an elliptic curve has 
complex multiplication, if it has a non-trivial isogeny with itself. The elliptic curve with 
j invariant 8000 resp., -3375 is given by 

y'^XQ = xi{xi - Xo){xi - (1 + V2fxo) resp., y^Xo = Xi{xi - Xo){xi - ^(3 + iVrYxo) 

and has an isogeny of degree 2 with itself. Moreover the elliptic curve with j invariant 
1728 has an isogeny of degree 2 with itself. This follows from the solution of [22j, IV. 
Exercise 4.5, which we will partially sketch. Thus the K3 surfaces given by 

y2 + yt + xi{xi - xo){xi - (1 + a/2)^xo)xo and y2 + yi + Xi{xi - xo){xi - i(3 + 2V7)^xo)xo 

have complex multiplication. 

We sketch how we obtain the given examples: First note that each degree 2 cover 
y . pi _^ pi jg changement of coordinates given by a; — ^ x^. This follows from the 

fact that u has two ramification points by the Hurwitz formula. Without loss of generality 
the elliptic curve E is endowed with a degree two cover i : E —>■ such that there exists 
a A such i is ramified over 0, 1, A, 00 resp., E is locally given by 

V{y^-x{x-l){x-X))cA'^. (7.3) 



103 



Since an isogeny f : E E is a morphism of Abelian varieties, one concludes that for 
each {x,y) = f{P) G E one has /(— -P) = —{x,y) = {x,—y). Hence one concludes that 
there exist the degree 2 covers Uf : and hf : E —>■ such that 

i o f = Uf o hf. 

It is a very easy exercise to check that Uf can be given by x — > in this case for some 
suitable A, which yields E. Thus one concludes that hf is ramified over 

l,-l,yA,-VA, 

which follows from considering the ramification indeces. By a changement of coordinates, 
E is given by 

iVx + if 

U, 1, ;= , CXD, 

too. Note that A and 1 — A yield the same elliptic curve. We substitute t = ^/X and 
resolve the equations 

t^-^I±^ and t^-l-i^ 
^ - (t_i)2 and t -1 

by using the computer algebra program MATHEMATICA in the case of the ground field 
C. This yields the stated elliptic curves E with an isogeny f : E E oi degree 2. It 
remains to prove the completeness of the given examples, which is a well-known fact. 

Example 7.4.5. Elliptic curves with CM has been well studied by number theorists. 
In [13] Appendix C, §3 there is a list of 13 isomorphy classes of elliptic curves with 
complex multiplication containing all classes represented by the preceding 4 examples. 
Two examples of the list, which have the j invariants 54000 and 16581375, are given by 
the equations 

y2 = _ ^ 22, y'^ =x^ - 595x + 5586. 

The equations allow an explicite determination of involutions on these examples. The 
given equations for the 7 remaining isomorphy classes of elliptic curves do not allow an 
immediate description of involutions. 

As we will see, the family C2 has some involutions, which make it suitable for the 
construction of a Borcea-Voisin tower. The following lemma is obvious: 

Lemma 7.4.6. Over the basis Aii the family C2 has three involutions given by 

'-1(2/2 -yi-xi: Xo) = (-2/2 -yi-xi: Xq), ^2(2/2 ■ Vi ■ Xi : Xo) = (?/2 : -yi ■ Xi : Xq), 

'3(2/2 -yi-Xi: Xo) = (-2/2 : -yi ■ xi : Xq), 

which constitute with the identity map a subgroup of the Aii- automorphism group of C2 
isomorphic to the Kleinsche Vierergruppe. 

Remark 7.4.7. Over M.i there are at least the 4 following additional involutions on C2: 
'4(2/2 -.yi-.xi: Xo) = (2/1 : 2/2 : a;i : Xq), 65(2/2 : yi : Xi : Xq) = {iyi : -^2/2 : Xi : Xq), 
'6(2/2 -.yi-.Xi: Xo) = (-2/1 : -2/2 : Xi : Xq), 67(2/2 : yi : Xi : Xq) = (-% : m ■ Xi : Xq) 
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Theorem 7.4.8. By the involutions li and 1,4, the family C2 can be used to be Z\ or some 
Sj for the construction of a Borcea-Voisin tower ofCMCY families of n-manifolds. 

Proof. The divisor of the fiber (C2)a, which is fixed by li resp., 64 is given by ?/2 = resp., 
y2 = yi- Hence both divisors are smooth and isomorphic to the fiber {Ci)x given by 

D V{y^ + - Xo){xi - Xxo)xo) ^ A G Mi. 

We use the same arguments as in the proof of Proposition 17.4.11 If {Ci)x has complex 
multiphcation, then {C2)\ and the divisor fixed by Li resp., 64 have complex multiplication, 
too. Hence by the fact that Ci has a dense set of complex multiplication fibers, C2 and li 
resp., C2 and L4 satisfy the assumptions of Construction 17.2.31 □ 

Remark 7.4.9. By the fact that 

L2 = 1.4 O Ll O L4, 

the involution L2 is suitable for the construction of a Borcea-Voisin tower, too. But 
according to the construction of C. Voisin [lU], this implies that L2 yields a CMCY 
family of 3-manifolds over A4i x A4i, which is isomorphic to the corresponding family 
obtained by li. 

Let a denote the A^i-automorphism of C2 given by 

(?/2 ■■yi-.xi: Xo) {iy2 : yi : Xi : Xq). 

One calculates easily that 

is = a o i4 o a~^, lq = a'^ o L4 o = o L40 a. 

Hence one has that C2/L4, ■ ■ ■ ,€2/17 resp., the resulting CMCY families of 3-manifolds 
obtained by the method of C. Voisin ^\ are isomorphic as A^i-schemes resp., as A^i x TWi- 
schemes. 
Since 

'•s = '■I '•2, 

the involution L3 acts by id on each T{u!(^c2)x) such that it can not be used for the con- 
struction of a Borcea-Voisin tower. 

Remark 7.4.10. By Example 17.4.31 Example 17.4.41 and Example 17.4. 5[ one has 6 ex- 
plicitely given elliptic curves with CM and explicitely given involutions, which yield 6 
K3 surfaces with CM. By using the method of C. Voisin these examples yield 36 
explicitely given fibers with CM for each of our resulting CMCY family of 3-manifolds. 

Remark 7.4.11. The author does not see a way to conjugate Li into L4. Moreover we 
will see that the fibers of the resulting CMCY families of 3-manifolds constructed with 
Li and L4 according to C. Voisin |l9] have the same Hodge numbers. This means that the 
question for isomorphisms between these two families remains open. 
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Chapter 8 

The degree 3 case 



8.1 Prelude 

We construct a surface by a desingularization of the weighted projective space P(2, 1, 1) 
during this section. Our modified construction of a Viehweg-Zuo tower starts with the 
family C of curves with a dense set of CM fibers given by 

D V{y^ = xi{xi - Xo){xi - axo){xi - /3xo){xi - jXo)xo) {a, (3, 7) e M^. (8.1) 

We use such a weighted projective space, since the degree of these covers onto does 
not coincide with the sum of branch indeces. In this section we construct a rational 3- 
manifold R^ with a natural projection onto R^. For each fiber Cq this projection induces a 
cyclic degree 3 cover of a Calabi-Yau hypersurfacc of R^ onto R^ ramified over Cq. We will 
later see that these Calabi-Yau hypersurfaccs of R^ yield a CMCY family of 2-manifolds 
suitable for the construction of a Borcea-Voisin tower. 

Recall that the usual projective space is given by Proj(C[^„, . . . , zi, Zq\) , where each 
Zj (with j — 0, . . . ,n) has the weight 1. Our weighted projective space is given by 
Proj(C[y„, . . . , t/i, xi, xo]), where each yj (with j = 1, . . . , n) has the weight 2, and xq and 
Xi have the weight 1. 

First we investigate and describe the projective space Q". The following well-known 
Lemma will be very useful here: 

Lemma 8.1.1. (Veronese embedding) Let R be a graded ring. Then we have 

Proj(i?) ^ Proj(i?['^]). 

Proposition 8.1.2. The weighted projective space Q"' is isomorphic to the irreducible 
singular hypersurfacc in P"+2 ^^^g^ 5^ ^/^g equation Z1Z3 = The singular locus of Q'^ 
is given by V{zi, Z2, Z3). 

Proof. By the Veronese embedding, we have 

Q" = FToi{k[xl,XoXi,xl,yi, . . . ,yn]). 

Hencefore we obtain a closed embedding of Q" into P"+2 given by 

2 2 
2^0 ~^ ^03:^1 Z2, Xi —>■ Z3, yi —>■ Z4, . . . , yn —>■ Zn+3. 
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We have that \ V{xq) is isomorphic to A"+^. Hence dim(Q"') = n + 1, which imphes 
that its projective cone, which is contained in A""^^, has the dimension n + 2. By |22j, I- 
Proposition 1.13, each irreducible component of dimension n + 2 of this cone is given by 
an ideal generated by one irreducible polynomial. The corresponding polynomial of the 
unique irreducible component of is 

f{Zi, Z2, Z3) = Z1Z3 — z\, 

since each point p G C P"-+2 satisfies /(p) = and / is irreducible. The last statement 
about the singular locus follows from calculating the partial derivatives of /. □ 

Let £ C, and m G N \ {1}. Then C(„) C is the subvariety, which is 

given by the homogeneous polynomial 

+ . . . + + (xi - aixo) . . . (xi - a2mXo). 

It is a very easy exercise to check that this polynomial is irreducible. 

Proposition 8.1.3. There exists a homogenous polynomial G G C[zi,Z2,-23] of degree m 
such that C{n) C P"+2 is given by the ideal generated by h and f , where 

h = z^j^^ + . . .z^ + G. 

Proof. We can obviously choose a polynomial G such that 

G{xl, XqXi, xl) = {xi - aixo) . . . (xi - aa^Xo). 
Now let h = z^^^ + . . . + G, and 

: Cfzi, . . . , ^^+3] C[xo, XqXi, Xl, 1/1, . . . , 

be the homomorphism associated to the closed embedding > P"+^, which has the 

kernel (/). We obtain 

= + . . . + + (xi - aixo) . . . (xi - a2mXo). 
Hence C(n) C P"+2 is given by the prime ideal 

0-i(J(q„))) = (/i,/). 

□ 

Proposition 8.1.4. The singular locus of C(^n) is given by C(^n) H V{zi, Z2, z^) . 

Proof. On Q" \ V{xo) = Spec(C[xi, . . . , ?/„]) the hypersurface C(„) is given by the 
equation 

= y'^ + ... + y'^ + {xi~ai)...{xi- a^m)- 

By the partial derivatives of the polynomial on the right hand, one can easily check that 
there are no singularities of C(n) in this affine subset. The same arguments give the same 
statement for Q"\V"(xi). Hence all singularities of C(„) are contained \\iV = V{zi, Z2, z^). 
For all P G C(„) fl V, the Jacobian matrix of C(„) at P does not have the maximal rank 
2, where this is obtained by explicit calculation of the partial derivatives of / and h. □ 
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8.1.5. The variety has a natural interpretation as degree 2 cover onto the variety 
given by {z2 = 0} ramified over {zi = Z2 = 0} and {z2 = z^ = 0}. Hence by blowing up 
, Z2, Zs), the proper transform i?" := Qy is the natural degree 2 cover onto the 
proper transform of {z2 = 0} ramified over the disjoint proper transforms of {zi = Z2 = 0} 
and {z2 = zs = 0}. Thus i?" is non-singular. 

Note that the general construction of the blowing up yields a natural embedding of 
an open subset of i?" into A""''^ x P^. Hence the Jacobian matrix at each point of i?" 
has the maximal rank 3 with respect to this local embedding. The Jacobian matrix of 
the proper transform C„ of C(„) is given by adding the line of the partial derivatives of 
h to the Jacobian matrix of i?". Without loss of generality we are on the open subset 
{yi = 1}. On the exceptional divisor E the polynomial G vanishes. Thus all points of 
Cn n E satisfy 

C + ... + 2/2 +1 = 0. 

Hence for each p & Cn E there is a partial derivative dh/dyi{P) ^ 0. Since all partial 
derivatives of the equations defining i?" with respect to yi vanish, the Jacobian matrix of 
Cn has the maximal rank 4 at each point on the exceptional divisor. Thus C„ is smooth. 

Remark 8.1.6. Note that has a natural interpretation as projective closure of the 
affine cone of a rational curve of degree 2 in P^. By [22], V. Example 2.11.4, one has that 
R^, which is the blowing up of the unique singular point given by the vertex of the cone, 
is a rational ruled surface isomorphic to F{Opi + 0pi(2)), where the exceptional divisor 
has the self- intersection number —2. 

By [22], II- Proposition 8.20, one has for n > 1: 

^Q"\V{zi,Z2,Z3) = ^F"+2\V{zi,Z2,Z3) ® \ V{Zl, Z2, Z3)) ® OQn\V{zi,Z2,Z3) 

= OQn\VizuZ2,Zs){-{n + 1)V{Z4)) 

By [S], Theorem 2.7 and the fact that the self-intersection number of the exceptional 
divisor is —2, the pull-back of the canonical divisor of with respect to the blowing up 
morphism is the canonical divisor of R^. Note that the canonical divisor of yields the 
canonical divisor of \ {s}, where s denotes the singular point. Thus: 

Corollary 8.1.7. The canonical divisor of R^ is given by —2V{z4). 

The following lemma describes the construction of this section. One has the following 
commutative diagram of closed embeddings: 



c 



(0) 



p2 




The ideal sheaf of each blowing up Cn C(^n) and i?" is generated by zi, Z2, z^,. 

Moreover this ideal sheaf is obviously the inverse image ideal sheaf of the ideal sheaf gen- 
erated by zi, Z2, Zs with respect to all embeddings. Hence we obtain by [22], II. Corollary 
7.15 for V := V{zi, Z2, Zs): 
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Lemma 8.1.8. We have the commutative diagram 



Co' 



a 



n+l 




of closed embeddings. 

Remark 8.1.9. Note that C^o) = Cq, C^i) = Ci and Q° = R^. 

Theorem 8.1.10. The canonical divisor of is given by — (n + l)V{z4) forn > 1. 



Proof. By Corollary 18.1.71 we have the statement for n = 1. 

We use induction for higher n. Let denote exceptional divisor of the blowing up 
R" — > Q". The open subset i?" \ En is isomorphic to \ V{zi, Z2, z^). We know that 
— {n + l)V{z4^) is the canonical divisor of \ V{zi, Z2, zs). Hence we conclude that 

K^u+i = —{n + 2)V{z4) + zEn+i 

for some 2; G Z. We have that i?" ~ V{z4) in Cl{R^^^). By the induction hypothesis, we 
have 

CRn(-(n + l)V{Zi)) = CU/Jn ^ ORn + l{V{z4)) (g) UJ Rn+1 (g) C/Jn 

such that z = and — (n + 2)V{z4) is the canonical divisor of i?""*"^. □ 

Since we want to construct a family of Calabi-Yau manifolds, we note: 

Theorem 8.1.11. The hypersurface Cm-i C -R™~^ is a Calabi-Yau manifold. 

Proof. By Theorem IS.l.lUt —mV{z4) is the canonical divisor of R"^~^. Hence |22J, II. 
Proposition 8.20 and Cm-i ~ mV{z4) imply that 



Co", 



o. 



By the fact that h'^'^ is a birational invariant of non-singular projective varieties (see ;^^] . 
page 190), and R^~^ is birationally equivalent to P™, we obtain that h'^'^{R^~^) = for 
all 1 < g < m. By Hodge symmetry and Serre duality, we obtain that h'^{R"^~^, O) = 



for all 1 < g < m and h''(R 



m—l 



UJ 



for all < g < m — 1. Since the canonical divisor 



of R"^ is linearly equivalent to —Cm~i, we obtain the exact sequence 



> LUjlm-l 



O 



R" 



o. 



0. 



This implies that h'^{Cm-i, O) = for l<i<m— 1 = dim(C*m,-i). Hence C*m-i is a 
Calabi-Yau manifold. □ 

8.1.12. The projection P"+2 \ {(1 : : . . . : 0)} ^ P"+^ given by 

Zi) {Zn+2 ■ ■ . Zi) 
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induces a cyclic cover C(„+i) — > of degree m ramified over C(„). The Galois group is 
generated by 

{Zn+3 '■ Zn+2 Zi) ^ {^Zn+3 '■ Zn+2 . . . Zi)^ 

where ^ is a primitive m-th. root of unity. 

Recall the commutative diagram of Lemma [8.1.8[ Let be given by {^4 = 1} C 
and be given by {z^ = 1} C P^. Then the projection above yields a morphism 

/ : A^ X p2 ^ A^ X p2. (8.2) 

Since the blowing up yields natural embeddings of open subsets of C2 and into the 
varieties of (18.21) . / induces a rational map C2 —>■ R^- Now this rational map C2 R^ 
is again a cyclic cover of degree m with the Galois group as above (on the open locus of 
definition). On the complements of the exceptional divisors it coincides with the cyclic 
cover C(2) above. Hence by glueing, one has a cyclic cover C2 R^ ramified over 

8.2 A modified version of the method of Viehweg and 
Zuo 

The following construction is a modified version of the construction in [17], Section 5. 
That means here we show that C2 has CM, if C(i) has CM. In the next section we will 
use the construction of the preceding section to define a family of surfaces. In this 
section we give the argument that this family of i^3-surfaces will be a CMCY family of 
2-manifolds. 

For our application, it is sufficient to consider the situation fiberwise and to work 
with P-^-bundles over P-*^ resp., with rational ruled surfaces. Let 7r„ : P„ denote the 

rational ruled surface given by P(Opi © Opi(n)) and a denote a non-trivial global section 
of (9pi(6), which has the six different zero points represented by a point q G Ais. The 
sections E^j, Eq and £"00 of P(C © are induced by 

id©cr:O^C©C(6), id©0 : 0©0(6) 

and © id : C(6) ^ O © C(6) 

resp., by the corresponding surjections onto the cokernels of these embeddings as described 
in [22J, II. Proposition 7.12. 

Remark 8.2.1. The divisors E^j and Eq intersect each other transver sally over the 6 zero 
points of a. Recall that Pic(P6) has a basis given by a fiber and an arbitrary section. 
Hence by the fact that E^ and Eq do not intersect E^o, one concludes that they are 
linearly equivalent with self-intersection number 6. Since E^o is a section, it intersects 
each fiber transversally. Thus one has that E^o ^ Eq — {Eq.Eq)F, where F denotes a 
fiber. Hencefore one concludes 

Eoo-Eoo = Eoo-{Eq — {Eq.Eq)F) = —(Eq.Eo) = —6. 

Next we establish a morphism fi : F2 —>■ over P^. By |22j, II. Proposition 7.12., 
this is the same as to give a surjection tt2{0 © 0{6)) —>■ C, where C is an invertible sheaf 
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on P2. By the composition 



7r*(C© 0(6)) = 7r2*(C) ©7r*C(6) ^ 07r*C(2z) = Sym%7c;{0 ® 0{Q))) Op,(3), 

where the last morphism is induced by the natural surjection r^^i.^ ® ^(2)) ^^-liX) 
(see [22], II. Proposition 7.11), we obtain a morphism /i* of sheaves. This morphism /i* 
is not a surjection onto Op2(3), but onto its image C C O^^i?)). Locally over C all 
rational ruled surfaces are given by Proj(C[a;])[?/i, 2/2], where x has the weight 0. Hence 
we have locally that 712(0 © C^(6)) = Oci © Oe2- Over the morphism /x* is given by 



ei 



yl 



such that the sheaf C = im{fi*) C Of^iS) is invertible. Thus the morphism fi : F2 —>■ 
corresponding to fi* is locally given by the ring homomorphism 



{C[x])[yi,y2] ^ iC[x])[yi,y2] via yi yl and ?/2 
Construction 8.2.2. One has a commutative diagram 



yl 



y 



■p' 



2 

52 



. pi X pi 



3^- 



■P9 



■Pfi 



P2 



P6 



:P2 



pi 



3-(M*-Bo),,p;; 

id 



■Pfi 



=■0 



pi 



id 



.pi 



of morphisms between normal varieties with: 

(a) 5, (^2, Pi P2 and pg are birational. 

(b) TT is a family of curves, tt2 and vr^; are P^-bundles. 

(c) All the horizontal arrows (except for the ones in the bottom line) are Kummer 
coverings of degree 3. 

Proof. One must only explain Sq and pQ. Recall that E^r is a section of F{0 © 0{6)), 
which intersects Eo transversally in exactly 6 points. The morphism pe is the blowing up 
of the six intersection points of EodE^. The preimage of the six points given by g G 
with respect to ttq o pg consists of the exceptional divisor Di and the proper transform 
D2 of the preimage of these six points with respect to pe given by 6 rational curves with 
self- intersection number —1. The morphism 6q is obtained by blowing down D2. □ 

Remark 8.2.3. The section a has the zero divisor given by some q G V3. Hence one 
obtains p*{E^) = Cg, where C denotes the family of cyclic covers onto P^ with a 

pure (1, 3) — VHS of degree 3. Since r is the unique cyclic degree 3 covering of P2 = 
ramified over ii*{Ea) = Cg, the surface y is isomorphic to some /r3-surface C2 of the 
preceding section. 
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Recall that F„ denotes the Fermat curve of degree n. 

Proposition 8.2.4. The surface y is birationally equivalent to Cg x F3/((l, l))Jll 

Proof. Let E, denote the proper transform of the section E, with respect to pe- Then fi 
is the Kummer covering given by 



^ ^oo + 6 ■ F 
Eo + Di ' 

where Di denotes the exceptional divisor of pg- Thus the morphism p' is the Kummer 
covering 

'{ 5e),E^ + 6-{5fi),F _ J f^ x {00} + 6 • (P x p i) 
(4)*^o + V Pix{0} + AxPi 

where A is the divisor of the 6 different points in given by g G Ais and P G P^ is the 
point with the fiber F. Since Eq + is a normal crossing divisor, Efj neither meets Eq 
nor D2, where D2 is the proper transform of 7rg(A). Therefore {Sq)^:E^ neither meets 

(56)*Po = X {0} nor {6e),E^ = P^ x {00}. 

Hence one can choose coordinates in P^ such that {6q)^..E„ = P^ x {!}. 
By the definition of r, we obtain that f is given by 



, p*2fi*{E^) Jfi*{E,] 



p*2fi*{Eo) VA*(^o)' 



and r' is given by 



x{0})- 

By the fact that the last function is the third root of the pullback of a function on P^ x P^ 
with respect to p', it is possible to reverse the order of the field extensions corresponding to 
r' and p' such that the resulting varieties obtained by Kummer coverings are birationally 
equivalent. Hence we have the composition of /? : P^ x P^ ^ P^ x P^ given by 




/pi X {1} 
Pi X {0} 



//?*(pi X {(X)}) + 6- (P X Pi) 



with 



/?*(pi X {0}) + (A X 

which yields the covering variety isomorphic to F3 x Cq/ ((1,1)). □ 

Hence 6*2 — 3^ is birationally equivalent to the algebraic manifold 3^ in the diagram 
(17. ip with Z = C(i) and S = F3. Therefore by Corollary 17.1.61 we obtain: 

Corollary 8.2.5. If the curve p*{E„) has complex multiplication, then the K3-surface y 
has only commutative Hodge groups. 



^Similarly to [17], Construction 5.2, we show that y' is birationaUy equivalent to Cq x F3/ ((1, 1)). 
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8.3 The resulting family and its involutions 



8.3.1. Let us summarize the things we have done. By using the Veronese embedding, the 
weighted projective space = Pc(2,2, 1,1) is given by V{ziz^ = z^) C P"^. Moreover 
there exists a homogeneous polynomial ^(01 ,02,03) ^ ^[2:1, ^2, ^3] of degree 3 such that 

G'(al,a2,a3)(a;^a;, 1) = x{x - l){x - ai){x - a2){x - 03) 

for each (oi, 02, 03) G M.^- Let W ^ Q'^ x M.^ ^ M.^ be the family with the fibers given 
by Wq = V{ziZ3 - z\, zl^z\ + Gg) for all q G M3. Moreover let W > -R^ x M3 M3 
be the smooth family obtained by the proper transform of W with respect to the blowing 
up of V{zi, Z2, Z3) X A^3. Since the family C 7VI3 given by 

D V{y^ - xi{xi - Xo){xi - aiXo)(xi - a2Xo){xi - 03X0)0:0) (cti, 02, as) G M3 

has dense set of complex multiplication fibers, Corollary 18.2.51 implies that W is a CMCY 
family of 2-manifolds. 

Next we will find and study involutions on W over A^3 satisfying the assumptions for 
the construction of a Borcea-Voisin tower. 

Remark 8.3.2. We have the involutions on W over A^3 given by 

'y^^\z5 : Z4 : Z3 : Z2 : Zi) = (24 : z^, : Z3 : Z2 : Zi), 
T^^n^^s : : Z3 : Z2 : Zi) = (^2:4 : ^^^5 : Z3 : Z2 : Zi), 
J^^\z5 : Z4 : Z3 : Z2 : Zi) = (^^2:4 : ^z^ : Z3 : Z2 : Zi), 

where is a fixed primitive cubic root of unity. For simplicity we write 7 instead of 7*^^-', 
too. Since the ideal sheaf of V{zi, Z2, Z3) fl W coincides with its inverse image ideal sheaf 
with respect to 7^'^ (for alH = 1, 2, 3), each 7*^*) induces an involution on W over the basis 
J^3 denoted by 7^*^ too. 

Remark 8.3.3. We have the A^3-automorphism n of W given by 

k{z5 : Zi : Z3 : Z2 : Zi) = (^25 : Z4 : Z3 : Z2 : Zi) with 

K~^{z5 : Zi : Z3 : Z2 : Zi) = {^"^z^ : z^ : Z3 : Z2 : Zi) 

such that by the same argument as in Remark 18.3.21 we obtain an automorphism of W 
over A^3 denoted by k, too. On W and hencefore on W one has 

7^^) = K o 7 o and 7^^-* = o 7 o k. 

Hence these involutions act by the same character on the global differential forms of the 
fibers of W, and all quotients W/7^*^ are isomorphic. Therefore it is sufficient to consider 
the quotient by 7. 

Proposition 8.3.4. On each fiber of W the involution 7 fixes exactly the points on the 
divisor given by V{z4 = z^) and one exceptional line over one singular point of the corre- 
sponding fiber of W . 
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Proof. Let q G M.^ and let S denote the singular locus of Wg. On Wg \ S the points fixed 
by 7 are given by the divisor V{z4^ = z^). Now let us consider the exceptional divisors 
of the blowing up, which turns W into the family W of smooth iTS-surfaces. There are 
exactly 3 points of S given hj Zi = Z2 = = and z\ + z^ = 0. The involution 7 fixes 
(1 : — 1 : : : 0) and interchanges the other two singular points. Since the generators of 
the ideal of the blowing up are invariant under 7, one concludes that each point on the 
exceptional line over (1 : — 1 : : : 0) is fixed by 7. □ 

Since the divisor on Wg given by V{z4^ = z^) is isomorphic to Cq and the projective 
line providing the fixed exceptional divisor has CM, one has by Corollary 18.2. 5t 

Theorem 8.3.5. By the involution 7, the family W can be used to be some Z\ or Sj in 
the construction of a Borcea- Voisin tower. 

Remark 8.3.6. By Example l7.4.3t Example [733] and Example [73!51 one has 6 explicitely 
given elliptic curves with CM and explicitely given involutions. Theorem 12.4.41 yields the 
K?) surfaces isomorphic to 

V{yl + yl + xl + xl), V{yl + yl + xi{xl + xl)), V {yl + yl + xi{x\ + x^^)x^) d 

with complex multiplication. Thus by using the method of C. Voisin [19], one obtains 18 
explicitely given fibers with CM for the resulting CMCY family of 3- manifolds. 
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Chapter 9 

Other examples and variations 



In this chapter we consider the automorphism groups of our examples of CMCY famihes. 
We want to find some new examples of CMCY families of n- manifolds by quotients by 
cyclic subgroups of these automorphism groups. By using [1^, Lemma 3.16, rf), one can 
easily determine the character of the action of these cyclic groups on the global sections 
of the canonical sheaves of the fibers. In this chapter we state this character with respect 
to the pull-back action. 

9.1 The degree 3 case 

Let ^ denote a fixed primitive cubic root of unity. In l8.3.1l we have constructed the CMCY 
family W — > 7M3 given by 

:= Pc(2,2, 1, 1) D V{y2 + yf + Xi{xi - l)(xi - aiXo){xi - a2Xo){xi - a3Xo)xo) 

(01,02,03) G M3. 

First we introduce an Al3-automorphism group G3 of the family W. The elements g ^ G3 
can be uniquely written as a product g = abc with a G (a), b G {(3) and c G (7), where: 

a{z5 : Zi : Z3 : Z2 : z^) = (^Zg : Z4 : z^ : Z2 : Zi), 

I3{z^ : Zi : Z3 : Z2 : Zi) = (zg : ^z^ : Z3 : Z2 : ^i), 

7(2:5 : z^ : Zs : Z2 ■■ Zi) = {z^ : z^ : z^ : Z2 : Zx) 

The group G3 contains exactly 18 elements. The action of G3 on the global sections of the 
canonical sheaves of the fibers induces a surjection of G3 onto the multiplicative group of 
the 6-th. roots of unity. Its kernel is the cyclic group of order 3 generated by a(5~^ . 

Remark 9.1.1. Since a(5~^ is an A^s-automorphism, one obtains the quotient family 
W/(a/?^^) — 7W3. One checks easily that a(i~^ leaves exactly the sections given by 
25 = Z4 = invariant. Let q G M.^. The fiber iyV j {a(i~^)^q of >V/(a/5~^) has quotient 
singularities of the type ^3^2 (see |5j. III. Proposition 5.3). We blow up the sections 
of fixed points on W and call the resulting exceptional divisor E^. On each connected 
component of Ex one has two disjoint sections of fixed points again. But on a fiber the 
quotient map sends any fixed point onto a singularity of the type A3 il3 Hence let us blow 

^For this description consider the corresponding action of the cycHc group on an analytic open neigh- 
borhood of a fixed point. 
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up these latter sections of fixed points with exceptional divisor E2. The canonical divisor 
of the resulting fibers Wq is given by 

where quotient map (p induced by af3~^ has ramification on E2. Thus by the Hurwitz 
formula, one calculates that f*{ujg) = 0{{Ei)g). Note that the irreducible components 
of the exceptional curve (-E'i)g have selfintersection-number —1. Since (£'2)9 is the ex- 
ceptional divisor of the blowing up of two points of each irreducible component of (-Ei)g, 
each irreducible component of {Ei)q has selfintersection-number —3. By the fact that 
the quotient map ip : Wg (W / {aP~^))q is not ramified over ip{{Ei)q), the irreducible 
components of ip{{Ei)q) have selfintersection-number —1. 

From now on let X := W/ (a/S^^). 

Proposition 9.1.2. One can blow down (p{Ei) such that the blowing down morphism 
(p: X —>y yields a CMCY family y of 2-manifolds. 

Proof. By the construction of the projective family, one has an invertible relatively very 
ample sheaf A := Ox{D) on X. Let P denote some connected component of p{Ei). 
Note that (p{Ei) consists of different copies of IPspec(_R) with Spec(i?) = P„ such that each 
invertible sheaf on P is uniquely determined by its degree. Thus the intersection number 
fip := Dq.Pq is independent of g G P„. As in the proof of the Castelnuovo Theorem in 
[22] . V. Theorem 5.7 the invertible sheaf 

C:=A{ Yl ^^PP) 

yields the blowing down morphism on the fibers. Since this P^-morphism is globally 
defined, one obtains a global blowing down morphism / such that the resulting family 
y = f{X) is smooth. 

By the fact that a/3 acts by the character 1 on T{uj-f^^), one concludes easily that 
3^ ^ is a family of K3 surfaces. Since W has a dense set of CM fibers, one concludes 
that X = VV/ (a/3) and y have dense sets of CM fibers, too. □ 

By the blowing down of ip{Ei), we get the following situation: 

El U E2 p(Ei U E2) ^ o p{E2) 

P 



mod(a/3^) 



X 



Bl(vp(Ei)) 



y 



Proposition 9.1.3. The Ai^- automorphism 7 0/ W yields an involution on y, which 
makes it suitable for the construction of a Borcea- Voisin tower. 

Proof. One has the following commutative diagram: 

a/3-1 
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Thus 7 yields an involution on X = W/ {aj3^^). By the fact that 7(-Ei) = Ei, it induces an 
involution on the complement of the sections of 3^ obtained by blowing down ip{Ei). Since 
these sections have codimension 2, the involution extends to a holomorphic involution on 
y (by Hartogs' Extension Theorem [HO], Theorem 1.25). By the fact that 7 acts by —1 
on r(ci;w,), the same holds true for Xg and yg. 

Let C — >• denote the family of degree 3 covers with a pure (1, 3) — VHS. We have 
seen that Wg has CM, if Cg has CM. Hencefore H^{yg,Q) has a commutative Hodge 
group for all k, if Cg has CM. Thus the following point describes the ramification divisor 
of 7g on yg and ensures that there is a dense set of CM fibers yq such that the ramification 
divisor of 7^ has CM, too. □ 

9.1.4. Now we describe the divisor of points of yg fixed by 7 for some q G A^s. Each 
point of \ (0 o Lp(E2)) can be given by the image [p] of a point p G Wg with respect 
to the quotient map according to One has that a point [p] G \ (0 o (p{E2)) 

is fixed by 7, if and only if 7(p) G ■ p. These points p G Wg are exactly given by 

■ \^(|/2 = 1/1) and the exceptional divisor of Wg — > Wg. 

By the fact that ■ 1^(2/2 = Hi) interchanges all 3 irreducible components of 

■ V{y2 = Vi) and all 3 irreducible components of the exceptional divisor of W — > W , 
one obtains a divisor of fixed points on yg given by Cg and one copy of P^. Since 7 is 
given by (?/2 : l/i) ^ (z/i : I/2) on and a(3'^ is given by (1/2 ■ Vi) ^ {y2 ■ ^Vi) on Ei, 7 
interchanges each two irreducible components of E2, which intersect the same irreducible 
component of Ei. Thus the ramification divisor of 3^ — 3^/7 given by a family of rational 
curves and C, where C denotes the example of a family of degree 3 covers with a pure 
(1,3) - VHS. 

9.2 Calabi-Yau 3-manifolds obtained by quotients of 
degree 3 

We have seen that the family W of i^'3-surfaces given by 

:= Pc(2, 2, 1, 1) D V{y2 + + Xi{xi - l)(xi - aia;o)(a;i - a2Xo)(xi - a3a;o)xo) 

(01,02,03) G Mi 

has a dense set of fibers Wg such that H'^iWg, Q) has a commutative Hodge group for all 
k. 

Recall that the canonical divisor of = F{0 © 0{2)) is given by —2V{z4). Now 
we consider the up to isomorphisms unique cyclic cover of degree 3 given by Wg — > 
ramified over Cg, whose Galois group is generated by a. Moreover consider the cyclic 
degree 3 cover F3 P^, where F3 = V{x^ + + z^) C P^ denotes the Fermat curve of 
degree 3 and given by 

{x : y : z) = {x : y : ^z), 

is a generator of the Galois group, which acts by the character ^ on r(ci;]F3). 

Let X be a singular variety of dimension n such that each irreducible component of 
its singular locus S has at least the codimension 2. Then we call X a singular Calabi-Yau 
n-manifold, if h^{X \ S, fi^^^) = for all = 1, . . . , n - 1 and iUx\s = Ox\s- With the 
notation of diagram (17. ip one gets: 
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Proposition 9.2.1. The quotient o/WxFs by ((1,2)) yields a family of singular Calabi- 
Yau 3-manifolds with a dense set of CM fibers. 

Proof. Note that the VHS of the family WxF3/((l, 2)) is the snh-V HS fixed by ((1, 2))^ 
Since F3 has complex multiplication, a CM fiber of W yields a corresponding CM fiber 
of WxF3/((l,2)). 

Let if denote the quotient map 

: W X F3 ^ W X F3/((l,2)) 

and S denote the singular locus of W x F3/((l,2)). Over each point, which lies not in 
the singular locus given by 3 copies of C, one does not have ramification. Hence by the 
Hurwitz formula, v^*(co'(wxF3/({i,2)))\5') is given by the structure sheaf. Since ((1,2)) acts 
on r(co'>vxF3) by the character 1, the sheaf ci;(>vxF3/((i,2)))\s' has global sections. Hence 

'^(WxF3/((l,2)»\5 = C'(>VxF3/((l,2)»\5- 

In addition the reader checks easily that ((1,2)) does not act by the character 1 on a 
non-trivial sub-vector space of H^^\W x F3) or if^.o^yy ^ F3). Thus W x F3/((l, 2)) is a 
family of singular Calabi-Yau 3-manifolds. □ 

9.2.2. Now consider a fiber (W x W^^/ {{l,2)))q of W x F3/((l,2)) and its singularities 
in the complex analytic setting. For the construction of the blowing up of a complex 
submanifold we refer to [HU], 3.3.3. As in [30], 3.3.3 described, one constructs first the 
blowing up over open sets. The global blowing up is given by glueing the local blowing 
ups. Here were consider the situation on sufficiently small complex open submanifolds. 

The Al3-automorphism a acts on 1/2 by ^. On each fiber Wg the curve Cq defines the 
ramification locus of Wq — -R^, which is fixed by a. A local parameter pcq on Cq yields a 
local parameter on Wg fixed by a. By one has a local parameter for the neighborhoods 
of the ramification points of F3. On a small open subset, which intersects the ramification 
locus of 

yp, :(>VxF3)g^(WxF3/((l,2)))„ 

one has the three local parameters given by ?/2, PCq and z. By the action of ((1,2)) on 
these three local parameters, the singularities W x F3/((l,2)) are locally given by the 
product of the 1-ball Bi with a surface, which has a singularity of the type ^3 2 (with the 
notation in [5j, III. Subsection 5). Let us blow up the family of fixed curves on W x F3 
with respect to ((1,2)) and let Ei denote the exceptional divisor. On each connected 
component of Ei one has two disjoint families of fixed curves with respect to the action of 
((1,2)) again. Again this follows from the consideration of the action of ((1,2)) on local 
parameters of a small open subset. On a fiber the quotient map sends any neighborhood 
of a point on these latter curves onto the product of the 1-ball Bi with a surface with a 
singularity of the type A^^i. Hence let us blow up these latter two families of curves with 

exceptional divisor E2. The canonical divisor of the resulting fibers (W x F3)g is given by 

^(n^3), = (^1)^ + 2(^2),, 

^For a short introduction to such orbifolds and their Hodge theory see [H], Appendix A.i. 
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where quotient map ^9 by ((1, 2)) is ramified over E2. Thus by the Hurwitz formula, one 
calculates that v?*H) = 

On the other hand a(3 acts by the character on r(a'w^) for all q G Ais. Moreover 
we have a Galois cover F3 of degree 3 with a generator given by 

{x : y: z) = {x : y: ^z), 

which acts by the character ^ on 7(^7^3). Hence 0^2 := (a/3, apg) leaves r(ci;>v^xF3) invariant. 
The automorphism ^2 fixes a finite number of points on Wq x F3 given by 

{Z5 = Z4 = 0} X {z = 0}, 

and ^2 fixes in addition the points on the curves given by the fiber product of {z = 0} 
with the exceptional divisor of the blowing up Wq — >• Wq. The latter statement about the 
exceptional divisor of Wq — *■ Wq follows from the fact that ajS fixes the generators of the 
corresponding ideal sheaf of the blowing up and the singular points of Wq given by 

(1 : -1 : : : 0), (1 : : : : 0) and (1 : -^^ : : : 0). 

9.2.3. Now we determine the action of a(3 on the local parameters, whose zero-loci are 
given by the exceptional divisor Ey^^ of Wg — Wq. The action of a/? on Wq C is given 
by 

(Z5 : Z4^ : Z3 : Z2 ■■ Zi) {^z^ : ^Za : z^i : Z2 : Zi) resp., 

(^5 : Zi : z^ : Z2 : Zi) {z^ : z^ : ^"^^3 : i~^Z2 : C^Zi). 

By using the explicit equations for Wq in 18.3.11 one can very easily calculate that a(3 acts 
by on these local parameters!^ 

Hence the singularities of Wg x F3/(q;2), which result by the exceptional divisor of 
Wg Wq, are locally given by the product of Bi with a singularity of the type ^43^2- 

Now we construct a desingularisation of W x F3/ (0:2), which is a CMCY family of 3- 
manifolds. Let Ey^ denote the exceptional divisor of W — W . We start with the blowing 
up of the family of rational curves given by the fiberproduct of ii^vv with the points on F3 
fixed by 0^3 • This yields the exceptional divisor Ec consisting of 9 rational ruled surfaces. 
By the same arguments as in 19.2.21 each connected component of Ec contains two families 
of rational curves of fixed points. The blowing up W x F3 of these latter families has a 
quotient 

7^ := W^3/a2 

with quotient map given by such that on the complement of the isolated sections fixed 
by 

ip*Uq = 0{{Ec)q). 

•^The author has searched for an opportunity of a smooth blowing down similar to Proposition 19 . 1 . 2l 
He considered a fiber W^, which is a family of curves given by 

But here we do not blow up sections of Wq x F3 ^ P^. Hence here one can not formulate a relative 
version of the Castelnuovo Theorem as in Proposition 19.1.21 

"'The singular locus of Wq is contained in Wq n{z5 = 1}. Thus one can calculate the desingularization 
with the usual equations Zitj = Zjti for i, j = 1, 2, 3. On {ti = 1} the zero locus of the local parameter Zi 
yields the exceptional divisor. The local parameter fixed by a[3 can be given by ti/ti or t^/ti. 
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9.2.4. Recall that is a rational ruled surface, where the exceptional divisor Eni of the 
blowing up ^ is a section of R^ (see Remark 18.1 ■61) . A fiber Wg can be 

considered as a family 

^ i?^ ^ 



of curves, where / is constructed in 18.1. 121 
morphism / extends to a morphism / : W - 



By 18.3.11 and the projection R^ — > R^, the 
> R^ X Ais such that the exceptional divisor 



Ey^ of the blowing up W ^ 
of the blowing up i?^ x A^3 
the situation: 



W is send to the exceptional divisor E^i-^j^.^ = E^i x M.-^ 
->■ X A^3. The following commutative diagram describes 



/ 

Eri X Mi 



-^w — 

f 

R^ X 



W 



■Q^xMz 



pi X -P^ X A^3 

9.2.5. Thus 

g -.W ^ R^ X X 

is a family of curves, which has 3 distinguished sections given by the exceptional divisor 
i?w of W — > W . Moreover by the description of / : Wg — > R^ as degree 3 cover, one can 
easily see that the fibers of g are given by the Fermat curve of degree 3 or consist of 3 
smooth rational curves intersecting each other in exactly one point, which does not lie on 
(E'w)?- Over P^ \ {oo} x M.^ and P^ \ {0} x M.^ one can embed the restricted family into 
some copy of P^^^^^. 

Hencefore we obtain the family 

W X Fa ^ P^ X A^3 

of surfaces, which has sections given by the fiberproduct of the exceptional divisors of 
W ^ W with the points fixed by apg, which do not meet any singular point of a fiber. 
In addition 0^2 is a P^ x A^3-automorphism of this family. Hence by the same arguments 
as in the proof of Proposition 19 . 1 .21 we can blow down (p{Ec) over (P^ \ {00}) x Ais and 
(P^ \ {0}) X Ais- By glueing, we obtain the family Q. Note that the singular fibers of 
W X F3 ^ P^ X A^3 are given by 3 copies of P^ x F3. Hence by the restriction of the sheaf, 

which yields the blowing down morphism, to the corresponding copies of P^ x F3/(q;2), 
one obtains smooth blowing down morphisms on these copies. 

Construction 9.2.6. But Q has 18 sections of singular points given by the 18 isolated 
sections fixed by 02 on W x F3. Recall that these sections are given by 

{Z5 = Z4 = 0} X {z = 0}. 

Let Q ^ Q denote the blowing up of the singular sections of Q and 

W~x¥3 wl<¥3 
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denote the blowing up of these 18 sections. By the same arguments as in Remark 17.1.21 
we obtain the following commutative diagram: 



- — ' V ^ 

W 

Note that (p is a, cyclic cover on the complement of Ec- Thus by the Hurwitz formula and 
the fact that 02 acts by the character 1 on r(c<Jw,xF3) for each q G TVla, one concludes 
that Q is a family of Calabi-Yau 3-manifolds. 

Proposition 9.2.7. The family Q —>■ M.3 is a CMCY family of 3-manifolds. 

Proof. Note that on each fiber we blow up some points and several copies of P^, which 
have CM. Hence by Theorem 17.1.71 we must only apply the facts that F3 has CM and 
W has a dense set of fibers Wg such that Hg(i7^(VV5, Q)) is commutative for all k. □ 



9.3 The degree 4 case 

Consider the CMCY family C2 — * A^i of 2- manifolds given by 

D V{y2 +yt + xi{xi - xq){xi - Axo)xo) ^ A G Mi 

of Section 7.4. In this section we construct quotients of C2 by cyclic subgroups of its 
group of A^i-automorphisms, which will be suitable to obtain new CMCY families of 
2-manifolds. In the next section we will see that these new examples are endowed with 
involutions, which make them suitable for the construction of the Borcea-Voisin tower. 
Hence by the Hurwitz formula and some other obvious reasons, one has: 

Claim 9.3.1. Let C he a KZ surface and a he an involution on C, which admits a finite 
set S of fixed points on C. Then the quotient C/a, where C denotes the hlowing up of C 
with respect to the suhvariety given hy S, is a K3 surface, too. Moreover C/a has com- 
plex multiplication resp., only commutative Hodge groups, if C has complex multiplication 
resp., only commutative Hodge groups. 

Now we introduce a group G4 of A^i-automorphisms of the CMCY family C2 ^ M.i. 
The elements (7 G G4 can be uniquely written as a product g = aba with a G (a), b G 
and c G (^.4), where: 

a{y2 : yi: xi : Xq) = {iy2 : yi : Xi : Xq), (3{y2 : yi : Xi : Xq) = (?/2 : iyi ■ Xi : Xq), 

U{y2 -.yi-.xi: Xo) = {yi ■.y2:xi: Xq) 

Therefore the group G4 contains exactly 32 elements. The action of G4 on the global 
sections of the canonical sheaves of the fibers induces a surjection of G4 onto the multi- 
plicative group of the 4-th. roots of unity. 

Its kernel K4 is a normal subgroup of order 8. It contains the following automorphisms 
of order 4: 

6{y2 -.yi-.Xi: Xq) = {-yi : y2 : Xi : xq), e{y2 : yi : Xi : xq) = {iy2 : -iyi : Xi : Xq), 
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V{y2 : yi: xi: Xq) = {iyi : iy2 : Xi : Xq) 

One has that 

i, = 5' = e' = v' = {a[3f. 

Moreover one checks easily that K4 is isomorphic to the quarternion group and has the 
generators 5, e and 77. Thus one has 

^4/(^3) = (Z/2)'. (9.1) 

One can easily calculate that 

a{5)a^^ = {rf). 

By the fact that IK4 has 2 residue classes with respect to {5) resp., (e) resp., {rf), one 
concludes that {5) resp., (e) resp., {rf) is a normal subgroup of K4. Since [q;]k4 generates 
G4/K4 and 

a{t)a~'^ = (e), 

(e) is a normal subgroup of G4. 

9.3.2. Recall that ^.3 denotes the involution given by 

'^3(1/2 ■■yi: Xi: Xo) = (-1/2 : -yi ■ Xi : Xq). 

Let C(t3) be the CMCY family of 2-manifolds given by the quotient C-2/{L-i), where C2 
denotes the blowing up of C2 with respect to the 8 sections fixed by 63. Four sections fixed 
by i3 are given by (1 : C : : 0), where C runs through the primitive 8-th. roots of unity. 
The other 4 sections are given by 

(0:0:0:1), (0:0:1:1), (0 : : A : 1) and (0:0:1:0). 

Since the generators a, (3 and of G4 leave the ideal sheaf corresponding to these 8 
sections invariant, all automorphisms of G4 induce automorphisms on €2- Note that 63 
commutes with each r G G4. For each r G G4 one finds open affine subsets invariant 
under (r, 63). On these affine sets the global sections of the structure sheaf invariant 
under (r, 63) are contained in where r leaves O^''^^ invariant. Hencefore r induces an 
automorphism on C(i3) . One checks easily that 5, r] and e yield involutions on C(t3) leaving 
only finitely many sections fixed. Thus by using Claim 19.3.11 these involutions yield the 
CMCY families of 2-manifolds 

= = C(^) and C(e). 

9.4 Involutions on the quotients of the degree 4 ex- 
ample 

In Section 7.4 we introduced several i-involutions ti, . . . , 67 of C2. We have seen that 
63 acts by the character 1 on the global sections of the canonical sheaves of the fibers. 
Moreover li, L2, l^, ■ ■ ■ , Lj act by the character —1 on the global sections of the canonical 
sheaves of the fibers. Here we show that each for each i = 1, 2, 4, . . . , 7 the involution Li 
induces A^i-involutions on the quotient families of 19.3.21 which make them suitable for 
the construction of a Borcea-Voisin tower. 
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Remark 9.4.1. One can use Example 17.4.31 Example 17.4.41 and Example 17.4.51 and deter- 
mine some explicitely given CM fibers of the new quotient families. By using the method 
of C. Voisin [lU], these new K?) surfaces with complex multiplication and our explicite 
examples of elliptic curves with complex multiplication yield new Calabi-Yau 3-manifolds 
with complex muyltiplication 

We fix some new notation: Let C2 be an arbitrary fiber of C2, p G C2, where p is 
not fixed by ^3, and denote the curve of fixed points on C2 with respect to Li for all 
^ = 1,2,4,... ,7. 

9.4.2. The involutions li and 12 induce the same involution on C(^^^). One has that 
''I (Mils)) — \p]{i-3)i if only if p G Fi U F2. The involution 63 induces an involution 
on the curve Fi and on the curve F2. Each of the covers induced by these involutions has 
4 ramification points. Hence by the Hurwitz formula, Li induces an involution on C(t3), 
which has a divisor of fixed points containing two families of elliptic curves. By ^9], 1.1, 
the ramification divisor of our involution on a fiber of C(t3) has at most one irreducible 
component of genus (7 > or consists of two elliptic curves. Thus it consists of two elliptic 
curves. It is quite easy to check that by this involution 61, the family C(^^^) is suitable for 
the construction of a Borcea- Voisin tower. 

9.4.3. The involutions ^.4 and Lq induce the same involution on C(^^.^). One has that 
''4([p](t3>) — [p](t3>; if ^'^d only if p G F4 U Fg. The involution 63 induces an involution 
on the curve F4 and on the curve Fg. Each of the covers induced by these involutions 
have 4 ramification points. Hence by the same arguments as in 19.4.21 the involution 
induces an involution on C(t3), which has a divisor of fixed points consisting of two families 
of elliptic curves. It is quite easy to check that by this involution ti, the family C(^^^) is 
suitable for the construction of a Borcea- Voisin tower. 

Since at4a~^ = 65 and aL^a~^ = L3, the involutions L5 and induce up isomorphisms 
the same involution as L4 and lq on C(^^.^). 

Recall the TWi-automorphisms 

S{y2 : yi: xi : Xq) = {-yi : y2 : Xi : Xq), e{y2 : yi : Xi : Xq) = {iy2 ■ -iyi ■ Xi : Xq) 
of C2 of order 4. 

Remark 9.4.4. Now we consider the quotient families C(^s) and C(e) in 19.3.21 One checks 
easily that 6 and e act as involutions on the 4 sections given by (1 : C ^ : 0), where ( 
runs through the primitive 8-th. roots of unity, and leave the sections given by 

(0:0:0:1), (0:0:1:1), (0 : : A : 1), (0:0:1:0) 

invariant. 

Moreover there does not exist a point p G C2 such that 6{p) = L3{p) or e{p) = L3{p). 
This follows from the facts that L3 = 6^ = and (5^(p) = S{p) resp., e^(p) = e(p) would 
imply that 6 resp., e is not bijective. 

Hencefore either p is contained in one of the 8 sections fixed by ^3 or (6) ■ p and (e) ■ p 
contain 4 different elements. For our notation we will assume that p is not fixed by ^.3 as 
above. 



125 



9.4.5. The involutions li and L2 commute with e. Thus the same holds true with respect 
to the involutions on C(t3) induced by Li, L2 and e. Hence one concludes that Li and L2 
induce an involution an C(e). Since li and L2 induce the same involution on C(^^^), the 
involutions li and L2 induce the same involution on C(e). 

A point [p] on the fiber C(e) of C(e) is fixed by 61, if 61 (p) = e*(j9) for 2 = 0, . . . , 3. This 
is exactly satisfied on Fi and F2 for i = or i = 2. The automorphism e yields a quotient 
of Fi resp., -F2 of degree 4 fully ramified over 4 points. Hence by the Hurwitz formula, 
Fi/ (e) and F2/ (e) are rational curves. 

By the definitions of li and e, one checks easily that their actions coincide on the 
exceptional divisor on C2 over the four sections given by ^(1/2, Moreover by the 
definitions of ti and e, one checks easily that for each primitive 8-th. root of unity 

M(l:C:0:0) = e(l:C:0:0) = (l:-C:0:0). 

Both TWi-automorphisms fix the local parameters xi and X2- 

Thus altogether the involution ti induces an involution on C(e) , which has a divisor of 
fixed points consisting of 8 disjoint families of rational curves. It is quite easy to check 
that C(e) is suitable for the construction of a Borcea-Voisin tower by this involution. 

9.4.6. The involutions 64, . . . , ^7 do not commute with e. But one has eti = Lie^ for all 
i = 4, . . . ,7. Hence (z = 4, . . . , 7) induces an involution on C(t3). Since ^.5 = et4, lq = e^i^ 
and Lj = e^L4, these involutions induce the same involution on C(e). 

A point [p] G C(e) is invariant under L4, if L4,{p) = e*(p) for z = 0, . . . , 3. One has that 
i^ip) = ip) on F4, L^ip) = e^{p) on Fj, L^^p) = e^(p) on Fq and i^i^p) = e^(p) on F5. Note 
that e(F4) = Fq, e^F^) = F4, e^iF^) = F4 and e^Fe) = Fq. Moreover one has e{F^) = F7, 
ei^Fj) = Fj, £^(-^5) = F5 and £^(-^5) = F5. The automorphism = L3 yields a quotient 
of F4, F5, Fq resp., F7 of degree 2 ramified over 4 points, where F4 and Fq resp., F5 and 
F7 are mapped onto the same quotient by e. Hence by the Hurwitz formula, the quotient 
consists of two families of elliptic curves. 

By [l9], 1.1, the ramification divisor of our involution on C(e) has at most one irre- 
ducible component of genus g > or consists of two elliptic curves. Thus 64 induces 
an involution on C(e), which has a divisor of fixed points consisting of 2 families of el- 
liptic curves. It is quite easy to check that this involution makes C(e) suitable for the 
construction of a Borcea-Voisin tower. 

9.4.7. The involutions L4 and lq do not commute with 6. But one has Sl^ = 146^ and 
6lq = lq6^. Moreover one has 

ii = 6 o Lq = S'^ o ^4, and ^2 = ° i-i- 

Hence li, L2, ii and lq induce the same involution on C<5>. 

A point [p\ G C(5) is invariant under ^4, if L4,{p) = S^{p). This occurs, if and only if 

p G Fi U F2 U F4 U Fq. 

Note that ^(-^4) = Fq and S{Fi) = F2. Moreover 6 yields a degree 4 quotient of F4 U Fq, 
and a degree 4 quotient of Fi U F2. Thus the divisor of fixed points contains two families 
of elliptic curves. 

By the same arguments as in 19.4.61 the involution L4 induces an involution on C(^s) , 
which has a divisor of fixed points consisting of 2 families of elliptic curves and makes C(^s) 
suitable for the construction of a Borcea-Voisin tower. 



126 



9.4.8. The involution ^5 commutes with 6. One has that p = L^lp), if p G -F5 and 
= L^i^p), if p E F7. Note that 6 acts as degree 4 automorphism on F5 resp., F7. Each 

of the corresponding quotient maps is fully ramified over 4 points. By the same arguments 
as in l9.4.5t the i-automorphisms ^5 and 6 act in the same way on the exceptional divisor 
of C2. Thus L5 induces an involution on C(5), which fixes a divisor consisting of 8 families of 
rational curves. Moreover it is quite easy to check that this involution makes C(^s) suitable 
for the construction of a Borcea-Voisin tower. 

9.4.9. Since atia~^ = li and a6a~^ = r], one concludes that the involution induced by 
ti on C(^) coincides up to an isomorphism with the involution induced by Li on C(^s)- 

Since ai^a'^ = Lq and a6a~^ = 77, one concludes that the involution induced by Lq on 
C(^r]) coincides up to an isomorphism with the involution induced by L5 on C^s)- 

9.5 The extended automorphism group of the degree 
4 example 

The group G4 of 7W i-automorphisms of C2 does not contain all A^i-automorphisms of 
C2. In this section we give an additional group E4 of 7Wi-automorphisms such that G4 
and E4 generate an extended 7Wi-automorphism group G4. Moreover we will make some 
remarks about G4 and E4. 

We obtain due to [21], Proposition 9 and the notations of ^24j, Section 2: 

Proposition 9.5.1. The family C2 has a group E4 of A4i- automorphisms consisting of 
16 different automorphisms given by {<y(3y with u = 0, . . . ,3 and: 

aciy2 -yi-xi: Xo) = (C1/2 : CVi ■ Xi - Axq : Xi - Xq), C'' = (1 

/^f (1/2 ■■yi'-Xx: Xo) = {^y2 ■ ^Z/i : Xi - Xo : ^Xi - Xq), = (1 

7k(i/2 -.yi-.xi: Xo) = (^^2 : f^Vi ■ Axo : Xi), k'^ = \^ 

The involutions 0/E4 are given by {aPY , a^, and 7^ for z/ = 2, = 1 — A, = 1 — ^ 
and = X. The group E4 has a subgroup isomorphic to the quarternion group given by 
{aPY, a^, and 7^ for u = 0,2, = —1 + X, q"^ = —1 + j and = —A. 

One can ask for the character of the action of the involutions of E4 on r{uj(^c2)q) f*^^ each 
g G A^i and the possibilities to use these involutions for the construction of Borcea-Voisin 
towers. For example one has: 

Example 9.5.2. One checks easily that 7^ resp., 7_^ fixes the family curves on C2 
given by 

xi = VXxq resp., Xi = — "v/Axq. 

This family of curves is isomorphic to the constant family with universal fiber given by 
the Fermat curve F4 of degree 4, which has the genus 3. Thus it acts by the character —1 
on r(c<j(C2)J for each q G Since F4 has complex multiplication, 7^ and 7_^ make 

C2 suitable for the construction of a Borcea-Voisin tower. 

The following claim implies that 7^ and 7_^ yield isomorphic families by the Borcea- 
Voisin tower: 
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Claim 9.5.3. One can conjugate 7^ and in E4. 

Proof. There exists some g of order 4 contained in the quarternion subgroup of E4 such 
that 

7va = and = {a^fg = {af3){af3fg = {a/3)g~^. 

It is a well-known fact that there is a (72 contained in the quarternion group such that 

9'^ = 92° 9° 92^- 

Since {a(3) is contained in the center of E4, one obtains the result. □ 

Finally the question for isomorphy between C2/L1 and €2/14 resp., the corresponding 
CMCY families of 3-manifolds constructed by the method of C. Voisin ^9] remains open, 
since we have: 

Remark 9.5.4. By the description of E4 in Proposition 19.5. 11 one checks easily that the 
generators 64 of G4 commute with each element of E4. Hence each element of G4, 
which is the group generated by G4 and E4, can be written as kt with k e E4 and r e G4. 
Thus for each a G G4 one obtains 

{KT)-^a{KT) = T-^ar. (9.2) 

Hence the fact that Li and L4 are not conjugate in G4 implies that Li and L4 are not 
conjugate in G4. 

Moreover (19. 2p implies that 7^ is not conjugate to ii or L4 in G4. 

Remark 9.5.5. One may search for additional involutions in G4 and try to determine the 
character of the actions of all involutions on r{uj(C2)q) each g e A^i. In addition one 
can try to determine the involutions, which are suitable for the construction of a Borcea- 
Voisin tower and try to repeat the construction of the preceding section for arbitrary 
induced involutions on suitable quotients by cyclic subgroups of G4. 



9.6 The automorphism group of the degree 5 exam- 
ple by Viehweg and Zuo 

We consider the CMCY family JF3 

D V{yl + + vl + xi{xi - Xo){xi - axo){xi - /3xo)xo) {a, (3) G M2 

of 3-manifolds constructed by E. Viehweg and K. Zuo. Let ^ denote a fixed primitive 5-th. 
root of unity. We introduce an A^2-automorphism group G5 of the family JF3 — >• A^2- The 
elements g E G5 can be uniquely written as a product g = abed with a G (a), 6 G 
c G (7) and d G S3, where: 

a(2/3 ■.y2-yi-xi: xo) = (^7/3 : y2 ■ Vi ■ Xi : Xq), 

PiVs : y2 ■■ yi ■■ xi : Xo) = (7/3 : ^y2 : yi : Xi : Xq), 
7(2/3 : y2 ■■ Vi ■■ Xi : Xo) = (2/3 : 2/2 : ^Vi ■ Xi : Xq), 
d{y2. ■■y2-yi-xi: Xo) = (?/d(3) : yd{2) ■ yd(i) ■ xi : Xo) 
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Therefore the group G5 contains exactly 5 ■ 5 ■ 5 ■ 6 = 750 elements. The action of G5 on 
the global sections of the canonical sheaves of the fibers induces a surjection of G5 onto 
the multiplicative group of the 10-th. roots of unitylf] 

Its kernel IKs is a normal subgroup of order 75. It contains the subgroup {a(3~^, l^l^^) 
of automorphisms of order 5. Moreover it contains the cyclic group of order 3 given by 
the permutations of ^3. Therefore all elements of K5 are determined. 

9.6.1. Let us consider all cyclic groups {g) C K5 with g = abc 7^ e as above. If a = e or 
6 = e or c = e, {g) is given by {al3~^), (P'y^^) or (0:7^-'^). These groups are conjugate by 
(l,2),(l,3),(2,3)e53. 

Now consider the cyclic group (g) C K5 with g = abc and a, 6, c 7^ e. One has that (g) 
contains an element a[3^'^'^~^ with 6 = 1,2, 3. Hence by e G 6*3 or (2, 3) G 5*3, it is conjugate 
to or (q;/?^7^). By the cycle (1,3) G ^3, these both groups are conjugate. By the 

fact that (a/37^) leaves only finitely many points invariant on each fiber, but {a(3~^) leaves 
a curve invariant on each fiber, both groups can not be conjugate. 

Hencefore we have two conjugacy classes of cyclic subgroups {g) C K5 with g = abc 7^ e 
represented by and {aP'j^). 

Claim 9.6.2. Any automorphism r G K5, which is not given by 

T"(z/3 ■y2-yi-xi: xo) = iCvs ■ Cy2 ■ i^~'~^yi ■ xi xo) 

for some s,t & satisfies = id. 

Proof. If r satisfies the assumptions of the Claim, then r or r^^ is given by 

(?/3 : y2 ■■ yi : xi : Xq) ^ {Cyi ■ ^% ■ i^~"'y2 ■■ xi : a;o) (9.3) 

for some s,t G Z. Hence assume without loss of generality that r is given by (19. 3p and 
verify the statement by calculation: 

T^(z/3 ■y2-yi-xi: Xq) = r'^iCyi ■ ^*Z/3 : C"V2 : Xi : Xq) 
= r{r^y2 ■■ : CVs ■■ Xi : Xq) = (7/3 : y2 : yi : Xi : Xq) 

□ 

For each r as in (19. 3p one can easily calculate that a~^(3~'^^^ o r o is given by 

(z/3 ■.y2-yi-xi: Xq) -> {yi : ys : y2 : xi : Xq). 
Therefore all cyclic subgroups of K5 are up to conjugation determined. Hence: 

Proposition 9.6.3. The family J-'^ has up to isomorphisms the following quotient families 
of Calabi- Yau orbifolds with dense sets of CM fibers: 

J^3/{aP'), J'-s/iaPl'), .F3/((l,2,3)) 

Proof. The existence of dense sets of CM fibers follows, since the VHS of a quotient 
family of JF3 is a sub-V^ifS* of JF3. □ 



^Note that S3 is generated by the involutions given by the cycles (1,2) and (2,3), which act by the 
character —1 on the global sections of the canonical sheaves of the fibers. 
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Chapter 10 



Examples of CMCY families of 
3-manifolds and their invariants 

10.1 The length of the Yukawa coupling 

First let us construct the Yukawa coupling. A little bit later in this short section we will 
give a motivation to consider it and describe how to calculate its length for our examples 
of CMCY families of 3-manifolds. 

Construction 10.1.1. Assume that f/ is a quasi projective variety and V is a complex 
polarized variation of Hodge structures of weight n on U . It is a well-known fact that 
there exists a suitable finite cover of U such that the pullback of V has local unipotent 
monodromy. We replace U by this finite cover. There exists a smooth projective com- 
pactification Y oi U such that S := Y \ U is a. normal crossing divisor. Then one can 
construct the Deligne extension ?i of V ®c Ou (i- e., the unique extension such that 
the GauB-Manin connection yields the structure of a logarithmic Higgs bundle (F, 9) on 
the associated graded bundle and the real components of eigenvalues of the residues are 
contained in [0, 1)). The graduation gives a decomposition of F into locally free sheaves 
£]p,n-p GauB-Manin connection induces an Oy-linear morphism 

called Higgs field. The Yukawa coupling 6i (for i < n) is defined by the composition 
e, : E^'' ^ ® ^U^ogS) ® Sym2fi^(log5) . . 

^ Sym*fii.(log5). 

Definition 10.1.2. Let f : V ^ U he a, family with fibers of dimension n as in Con- 
struction [inUl The length ({f) of the Yukawa coupling is given by 

C(/):=min{z>l;0, = 0}-l. 

We say that the Yukawa coupling has maximal length, if ({f) = n. 

The family f : V ^ U is rigid, if there does not exist a non-trivial deformation of / 
over a nonsingular quasi-projective curve T. 

The following proposition yields our motivation to consider the length of the Yukawa 
coupling: 
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Proposition 10.1.3. If the Yukawa coupling has maximal length, the family is rigid. 



Proof, (see Section 8) □ 

The statements of the following lemma, which allow the computation of length of the 
Yukawa couplings of our examples of CMCY families of 3-manifolds by their construction, 
are well-known: 

Lemma 10.1.4. For two variations of Hodge structures V and W on a holomorphic 
manifold one has 

((V® W) = C(V) + C(W) and C(V © W) = max{C(V), C(W)}. 



10.2 Examples obtained by degree 2 quotients 

Let Zi ^ M. he one of the examples of a CMCY family of 2-manifolds, which we 
have constructed in the preceding chapters, with a suitable involution l such that it 
satisfies the assumptions for Zi in the construction of a Borcea-Voisin tower. Here we list 
all examples of CMCY families Z2 of 3-manifolds obtained by the Borcea-Voisin tower 
starting with such a family Zi and S2 given by the family £ ^ M.i oi elliptic curves 
endowed with its natural involution. By the definition of Calabi-Yau manifolds, Serre 
duality and Hodge symmetry, all Hodge numbers of the fibers of the resulting CMCY 
family Z2 of 3-manifolds are determined by /i^'^ and h"^'^. 

Claim 10.2.1. Keep the assumptions above. Let {Zi)p —>■ {Zi)p/l be ramified over N 
curves with genus gi, . . . ,gN for allp E M.. Then the fibers of Z2 have the Hodge numbers 

/i^'^ = 11 + 5A^ - A^' and h^^^ = 11 + 5A^' - A^, where A^' = ^ g^. 

Proof, (see [IH], CoroUaire 1.8) □ 

Hence for our examples of CMCY families of 3-manifolds obtained by using the 
Borcea-Voisin tower and CMCY families of 2-manifolds with suitable involutions, we 
have the following table: 



family Zi 


basis M. 


involution l 


N 


N' 






c 


reference 


C2 


Ml 




1 


3 


13 


25 


2 


17.4.81 


C2 


Ml 




1 


3 


13 


25 


2 


17.4.81 


C2 


Ml 




1 


3 


13 


25 


2 


19.5.21 




Ml 


Li 


2 


2 


19 


19 


2 


19.4.21 




Ml 


64 


2 


2 


19 


19 


2 


19.4.31 


C{e) 


Ml 


ii 


8 





51 


3 
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10.3 The Example obtained by a degree 3 quotient 
and its maximality 

In this section we determine the Hodge numbers of the CMCY family Q of 3-manifolds 
obtained by Proposition 19. 2. 71 

Remark 10.3.1. In the case of the CMCY family of Proposition 19.2.71 one has C = 1 for 

the length of the Yukawa coupling as one concludes by its construction and using Lemma 

Let X be a complex manifold and 7 an automorphism of X of order m. Then 
H^{XX)i denotes the eigenspace of H^{X,C), on which 7 acts via puUback by the 
character e^'^*^. For the calculation of the Hodge numbers of this family we will need the 
following proposition: 

Proposition 10.3.2. Let X be a Kdhler manifold of dimension 3. Moreover let (p he 
an automorphism of X fixing a finite set of some isolated points Zq and a finite set Zi 
of disjoint curves such that ip"^ = id for some m E N. Then one has the following 
eigenspaces: 

H\Xz,uZo, Z)o = H\X, Z)o © H^iZ^, Z) © i7°(Zo, Z), 

H^Xz.uZo, Z)o = H%X, Z)o © H\Z,, Z) 

Proof. Let F be a Kahler manifold and Z he a submanifold of codimension r. Then the 
Hodge structure of the blowing up Yz along Z is given by 

r-2 



H\Y, ^) © H'-^'-^Z, Z) = H''{Yz, Z), 



i=0 



where ^* ^(Z, Z) shifted by {i + l,i + 1) in bi-degree (see [50], Theoreme 7.31). 
Thus one has: 

H\Xz,uZo,^) = H\X, Z) © H\Z^, Z) © H\Z^, Z), 

H\Xz,yjz,. = H\X, Z) © H\Zi, Z) 

Hence it remains to show that if°(Zi,Z), H^{Zq,7j) and H^{Zi,7j) are invariant as sub- 
Hodge structures by ip. Hencefore one considers the proof of |50j, Theoreme 7.31. These 
sub-Hodge structures are given by the image of o (7i\ziuZo)*{H'^{Zi U Zo,Z)) and j* o 
{'^\ziuZo)*{H^{ZiU Zq, Z)), where j denotes the embedding of the exceptional divisor E of 
the blowing up morphism tt : Xz-^uZo ~^ xE One has the following commutative diagram: 

^ZiUZo ^ Xz-j^uZq 



E ^E 



Ml 



E 



Zi U Zo ^ Zi U Zo 



^In general one has ©[Zg j* o o {n\ziuZo)* instead of o {tt\ziuZo)* for i = 0, . . . , r — 2 in [50] . 
Theoreme 7.31, where h denotes the cup-product with ci{Oe{^)) and the sheaf 0_e(1) of the projective 
bundle E is described in [SU], Subsection 3.3.2. But here the weight of the Hodge structures is to small 
for i > 0. 
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Since Lp acts as the identity on Z\ U Zq, the same holds true for the Hodge structures 
on Zi U Zq. Hence by the commutative diagram, the same holds true for the sub-Hodge 
structures on X given by o {v:\z^\jZi^* ■ CH 

Proposition 10.3.3. For all q G Ai^ the action of the cyclic group {af3) on W yields an 
eigenspace decomposition of H^'^{yVq) of the dimensions 

Proof. Let W — W be the blowing up of the six sections fixed by a(3. By the same 
arguments as in the proof of the preceding proposition, each fiber Wq has the Hodge 
numbers 

Let M := Wq/{af3). Now we consider the quotient morphism ip : Wq M. By the 
Hurwitz formula, one concludes that 

where E is the exceptional divisor of Wq — >■ Wq given by three —2 curves and E^"^^ 
is the exceptional divisor of Wq Wq. From [50j, Proposition 21.14, we have that 
3-Klj = {cp*{KM)f. Since 

{v*{Km))^ = {-2E - E(2))2 = 4 . (_g) _ 6 = -30 
and Ci(M)^ = Klj (see [22], Appendix A, Example 4.1.2), one obtains 

Ci(M)2 = Kl, = -10. 

By the Noether formula (compare to [22], Appendix A, Example 4.1.2 and [50], Remarque 
23.6), one has 

x{OM) = ^{ci{Mf + C2{M)) with C2(M)-2 = 62(M) 

in our case. From the fact that x{^m) = calculates that 

h^'\yVq)o = &2(M) = 20. 

By the fact that the blowing up morphism Wq Wq has an exceptional divisor consisting 
of 6 rational curves, we conclude similar to Proposition 110.3.21 that 

h^'\Wq)o = h^'\Wq)o - 6 = 20 - 6 = 14. 

Since the K3 surface Wq has the Hodge number 

h^'\Wq) = 20 and h^'\Wq)i = h^'\Wq)2, 

one concludes that 



h''\Wq)l = h''\Wq) 



q)2 - O. 

□ 
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Proposition 10.3.4. For all q G M.s one has 

h''\Q,) = 51. 

Proof. Since 

/i°'°(Wg)o = /i°'°(F3)o = h'^\¥s)o = 1, bi{W,) = 
and Proposition I10.3."3l tells us that 

h'^\W,)o = 14, 

one concludes that h^'^{Wq x F3)o = 15. Note that a2 fixes 6 - 3 = 18 points. Moreover we 
have an additional exceptional divisor consisting of 3 ■ 3 • 3 = 27 rational ruled surfaces. 
In the construction of Q we blow down 9 of these families of ruled surfaces. Hence by 
Proposition 110.3.21 

h^'\Qq) = 15 + 18 + 27 - 9 = 51. 

□ 

Recall that a/3 acts by the character e^'^*^ on the global sections of uyv^ for all q G Vn 
and c^Fg acts by the character e^'^*^ on the global sections of u^^. Hence one obtains 

and 

Note that bi{Wy) = baiWg) = 0, h^'\Wq)o = 14 and h^'\Wg)i = h^^\Wg)2 = 3. Thus 

2 

H^W, X F3, C)o = H\W„ C)t ® H\¥;, C)[3-t],. 

Hence one concludes that 

H^iW, X Fa, C)o = {H^'\W,)2 © H''\W,)2) ® H'''{¥3)i 
(B{H''\W,), © H''\Wg)i) © i/°'^(F3)2. 

This implies that 

H^'\Wg X F3)o = H''\Wg)2 © i^''°(F3)i such that h^'\Wg x F3)o = 3. 
Hence by Proposition 110.3.2] and the fact that 61 (P^) = 0, one concludes easily: 
Proposition 10.3.5. For all q G Ai^ one has 

Next we show that Q is a maximal family of Calabi-Yau manifolds. First let us define 
maximality. For this definition recall: 

Proposition 10.3.6. Each Calabi-Yau manifold X has a local universal deformation 
X ^ B, where 

dim(5) = /i2'i(X). 
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Proof, (see [SOj, 10.3.2) 



□ 



Definition 10.3.7. A family J-' —>■ Y of Calabi-Yau manifolds is maximal in G y, if the 
universal property of the local universal deformation X —>■ B of J-'q yields a surjection of 
a neighborhood of onto B. The family JF — y is maximal, if it is maximal in all ^Y. 

Remark 10.3.8. If the family JF — > y of Calabi-Yau manifolds is maximal in some G V, 
its restriction to the complement of a closed analytic subvariety of Y is maximal. 

Remark 10.3.9. Since Wg is birationally equivalent to F3 x Cq/{{1, 1)) (see Proposition 
EZM, one has 

where C denotes the family of degree 3 covers with a pure (1,3) — VHS. Thus by our 
former notation with respect to the push forward action, the VHS of W depends uniquely 
on the fractional VHS of the eigenspace £1 of the VHS of C. 

In Section 9.2 we have seen that Q is birationally equivalent to a quotient of W x F3. 
It differs by some blowing up morphism with respect to some families of rational curves 
and some isolated sections. Thus by similar arguments, the VHS of Q depends on the 
VHS of W. Hence the VHS of Q depends uniquely on the fractional VHS of Ci. Thus 
the period map of Q can be considered as a multivalued map to the ball B3. 

The preceding remark tells us the period map of the family Q Ai^ is locally 
injective. Hence by the Torelli theorem for Calabi-Yau manifolds, one concludes: 

Theorem 10.3.10. The family Q Ai^ is maximal. 

10.4 Outlook onto quotients by cyclic groups of high 
order 

Recall that we used K3 surfaces S and elliptic curves E with cyclic degree m covers S ^ R 
and — > to construct Calabi-Yau 3-manifolds by a quotient, where m = 2, 3. In this 
chapter we give an outlook on the possibilities to use of cyclic groups of higher order for 
the construction of Calabi-Yau 3-manifolds by an elliptic curve and a ii"3-surface. 

First the following Lemma shows that there are only finitely many elliptic curves with 
an action of a cyclic group with order m > 2, which could be suitable: 

Lemma 10.4.1. Let E be an elliptic curve, and f : E ^ be a cyclic cover. Then one 
obtains 

m := deg{f) = 2, 3, 4 or 6. 

For each m > 2 there is at most only one elliptic curve having a cyclic cover f : E ^ 
of degree 

^The well-educated reader knows the automorphism group of the abelian variety given by one elliptic 
curve. But the quotient map by a cyclic subgroup of this automorphism group is fully ramified at the 
zero-point. There may be cyclic covers, which are not fully ramified over all branch points. Hence for 
the proof of this lemma, it is not sufficient to know the automorphism group of this Abelian variety. 



136 



Proof. We use Proposition 12.3.41 and Corollary 12.3.51 Let / : — > be be a cyclic 
cover of degree m > 2. Moreover if / has n branch points, then Li is of type {p, q) with 
p + q = n — 2. Thus there must be at least 2 branch points. If there are 2 branch points, 
we are in the case of the cover P-*^ given by x ^ x^. Since Li is of type (p, q) with 

p + q = n — 2, C can be an elliptic curve for m > 2, only if n = 3. 

For n = 3 and m > 2 we have that Li is of type (p, q) with p + q = 1. Without loss 
of generality we assume that p = and q = 1- Hence by Proposition I2.3.4t one concludes 
that 

/il + At2 + /is = 1- 

If m = 3, one has only the case of the Fermat curve of degree 3 given by 

1 

/il = /i2 = /is = g- 

If m > 3, L2 must be of type (0, 0), which implies without loss of generality that /ii = |. 
Hence for m = 4 we have only the case of the cover given by 

_ 1 _ _ 1 

/il — -, /i2 — /is — ^• 

If m > 4, L2 and L3 must be of type (0, 0), which implies without loss of generality that 
Hi = \ and /i2 = |- Hence we obtain the only additional case given by the degree 6 cover 
with the local monodromy data 

_ 1 _ 1 _ 1 
/ii-2' /^2-3, /is-g- 

□ 

Let S" be a -ft'3-surface, E be an elliptic curve and the cyclic groups (75) and (75;) of 
order m > 1 acting on S and E with the loci Fs and Fe of fixed points such that 75 and 
7^; act by —1 on the global sections of the respective canonical sheaves. The aim is the 
construction of a Calabi-Yau 3-manifold by a desingularisation of x E / {{pfSilE)) ■ The 
following proposition tells us that there are singularities on S' x E / ((75, 7_e)), if m > 2: 

Proposition 10.4.2. Let m > 2. Then 75 must fix some points. 

Proof. If 75 does not fix any point, one concludes by the Hurwitz formula that (f*gUJ = O. 
Thus the quotient has a canonical sheaf uj with uj®™' = O for m > 2. Moreover it has the 
Betti number bi = 0. In addition it must be a minimal model, since a rational —1 curve 
would (up to linear equivalence) be in the support of the canonical divisor K and forbid 
any torsion of K. But by the Enriques-Kodaira classification (compare to [5], VI), such 
a minimal model does not exist. □ 

Remark 10.4.3. The branch points of the degree 4 resp., the degree 6 cover E ^ 
have different branch indeces. Hence for the degree 4 and degree 6 case this yields some 
problems to find a desingularisation of 

SxE/{i^s,lE)), 

which is a Calabi-Yau manifold. 
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Chapter 11 

Maximal families of CMCY type 



In this chapter we use the classification of involutions on K?> surfaces by V. V. Nikulin 
[32] . We will see that certain involutions on the integral cohomology of K?) surfaces yield a 
possibility to construct CMCY families of 3-manifolds with maximal variations of Hodge 
structures. For each n G N with n < 11 we will obtain a holomorphic maximal CMCY 
family over a basis of dimension n. 

11.1 Facts about involutions and quotients of K?>- 
surfaces 

In this section we collect some known facts about K?) surfaces and their involutions, which 
we will need in the sequel. 

11.1.1. The integral cohomology H'^{S,7j) is a lattice of rank 22. We have the cup- 
product (■, ■) on H^{S, Z). Let L := {H'^{S, Z), (-, ■)). It is a well-known fact that one has 
the orthogonal direct sum decomposition 



where —Eg consists of endowed with a certain negative definite integral bilinear form 
and H denotes the hyperbolic plane, i. e. H = (Z^, (■,■)), where (■,■) is given by the 
matrix 



(see [5], VIII. 1 and also [5], I. Examples 2.7 for details). 

Remark 11.1.2. Let S" be a if3-surface and L = H^{S, Z), where L is endowed with an 
involution l. Assume that t corresponds to an involution on S, which acts by the character 
— 1 on r(co's). Then the involution induces a degree 2 cover 7 : S* — > -R onto a smooth 
surface R. Moreover the divisor of fixed points, which yields the ramification divisor of 
7, consists of a disjoint union of smooth curves or it is the zero-divisor. Moreover l yields 
integral sub-Hodge structures H^{S,Z)q and H^{S,Ij)i of H'^{S,Z) such that c acts by 
(— 1)* on H'^{S, Z)j. Since l acts by —1 on r(ci;5) and 




H^iR,Q) = H\S,Q)o 



one has that 
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Moreover the intersection form has the signature (2, r) on H'^{S, Z)i (compare to [19], §1 
and 149j, 2.1). 

Remark 11.1.3. Let 

D = {[to] G F{H\SX)i)\{^,^) = 0,{uj,io) > 0}. 

By the Torelh theorem, each marked K3 surface {S',(j)s') endowed with an involution, 
which yields the the same involution l on his cohomology lattice, yields a unique one 
dimensional vector space if^'°(S") C H'^{S, C)i corresponding to some p E D. 

11.2 The associated Shimura datum of D 

The Hodge structure of a K3 surface S with a cyclic degree 2 cover onto a rational 
surface resp., Enriques surface R has a decomposition into two rational Hodge structures 
H'^{S, Q)i and H'^{S, Q)o. We consider H'^{S, Q)i, since the variation of Hodge structures 
given by H'^{S, Q)o is trivial. 

The Hodge decomposition of H'^{S,C) is orthogonal with respect to the Hermitian 
form (■,^). Hencefore the corresponding embedding 

h: ^ SL{H\S,R)i) 

factors trough the special orthogonal group SO{H'^{S, ]R)i) with respect to the symmetric 
form given by the cup product pairing, where SO{H'^{S,R)i) is isomorphic to S0(2,r)M. 
Let u E ujs \ {0}, 

1 i 

:= 2 '^)' " 

and {f 1, . . . Vr} be a basis of H^'^{X, ]R)i. One has the basis 

{^u, '^UJ, t>i, . . . , Vr} 

of ]R)i such that the intersection form is without loss of generality given by the 

matrix diag(l, 1, —1, . . . , —1) with respect to this basis. The subgroup, whose elements 
are invariant under 

g h{i)gh{r^), 

is given by S(0(2) x 0(r)), where 

MO = /i(ri) = diag(-l,-l, !,...,!). 

Since h'^{i) = h{—l) = diag(l, . . . , 1), the action of i is an involution. This implies that 
one has a decomposition of S02,r(IR) into 2 eigenspaces with respect to the eigenvalues 1 
and —1. Hence h{\/i) yields a complex structure on the eigenspace with eigenvalue — 1. 
The eigenspace for the eigenvalue 1 is given by the Lie algebra of S(0(2) x 0(r)). Thus 
we have a decomposition 

S02,r(C) = [)+ © [)o © f)- 

such that acts by the characters z/z, 1 and z/z on the respective complex sub- vector 
spaces. 

We continue our consideration of the involution l given by 

i{g) = h{z)gh-\z). 
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The matrices Mi G S0(2,r)(C) with Mi = ^(Mi) satisfy that 



Ml = diag(-l, -1, 1, . . . , 1) ■ Ml ■ diag(-l, -1, 1, ... , 1) 

= diag(l, 1, -1, ... , -1) ■ Ml ■ diag(l, 1, -1, ... , -1). 
Since S0(2,r)(C) is given by the matrices M satisiying 

M* ■ diag(l, 1, -1, . . . , -1) ■ M = diag(l, 1, -1, ... , -1) 

^ = diag(l, 1, -1, ... , -1) ■ M* ■ diag(l, 1, -1, ... , -1), 
each matrix Mi satisfies 

Mf ^ = Ml 

Thus Ml is contained in the compact group SU(2 + r), and one concludes: 
Proposition 11.2.1. Our morphism 

h:S'^SO{H\S,R)i)M 

yields a Shimura datum. 

Remark 11.2.2. Note that the simple Lie group S0(2,r)(]R) consists of two connected 
components (see |I7], Exercise 7.2). Since the Lie group S0(2+r)(C) ^ ^0{H'^{S,M)i){C) 
is connected (see [23j, IX. Lemma 4.2), the algebraic group SO(if ^(5, ]R)i) is connected, 
too. Recall that all Cartan involutions of the simple algebraic group SO(if^(S', ]R)i) are 
conjugate. The action of on iJ^(S', ]R)i is given by its action on {lR,uj, Qu) and fixes 
all vectors of H^'^{S, M.)i. This implies that all morphisms 

h: ^ SO{H\S,R)i), 

which yield the Hodge structure of a K3 surface, satisfy that their images h{S^) are 
conjugate. The definition of the Hodge structure on H'^{S,R)i implies that the M-valued 
points of the kernel of h are given by {1, -1} G 5^(M). Let i^i : ^ be the involution 
given by s ^ x~^. For each morphism hi in the conjugacy class of h, there exists exactly 
one other morphism /12 with hi{S^) = h2{S^) and kernel given by {1, —1} G ^^(IR), which 
is given by h2 = hi o igi. The conjugation by diag(— 1, 1, —1, 1, . . . , 1) yields an inner 
automorphism ip of SO{H^{S, M)i) such that h2 = ^po hi. Thus each Hodge structure of a 
K3 surface obtained by some p E D is obtained by some element of the conjugacy class of 
our morphism h : ^ SO(if^(S', ]R)i). Moreover note that the holomorphic VHS over 
the bounded symmetric domain associated with SO{H^{S, M.)i){M.)~^/K, which is induced 
by the natural embedding SO(if ^(5, Q)i) —>■ GL(if^(S', Q)i), is uniquely determined by 
the variation of the subbundle of rank 1 given by H^'^. Since 

r = dim(D) = dim{SO{H\S,R)i){R)/K), 

this VHS yields a biholomorphic map from the bounded symmetric domain associated 
with SO{H\S,R)i){R)+/K) onto D+. 

The preceding remark and Theorem 11.5.91 imply: 

Theorem 11.2.3. There is a dense set of CM points on D with respect to the VHS on 
D obtained by Remark \11.2.B, 
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11.3 The examples 



First we construct a holomorphic family of marked if3-surfaces with a global involution 
over its basis: 

Construction 11.3.1. There exists a universal family u : X ^ B oi marked analytic 
i^'S- surfaces, whose basis is not Hausdorff (see [5], VIII. 12). Let cj) denote the global 
marking of the family X ^ B. We consider an involution i on a marked K?> surface 
(5,0), which acts by —1 on H'^'^{S). This involution yields an involutive isometry l on 
the lattice L. Thus the involution l endows X ^ B with a new marking i o 0. By the 
universal property of the universal family, this new marking yields an involution of the 
family: 

X ^X 




Let A : B ^ B X B denote the diagonal embedding. We define 

B, = Graph(6B) n A{B) C B x B. 

Note that each point h & B,^ has an analytic neighborhood U G B such that Xu U 
is given by the Kuranishi family and yields an injective period map for U. Thus on 
U X U the diagonal A(f/) and Graph(6B|c/) are closed analytic submanifolds. Hence B^ 
has the structure of an analytic variety, which is not necessarily Hausdorff, and can have 
singularities. The composition A o u allows to consider A{B) as basis of the universal 
family of the marked K3 surfaces. By the restricted family Xb^ —>■ B^, we obtain a 
holomorpic family with a global involution over the basis B^. For simplicity we write 
X^ B^ instead of Xb^ B^. 

Remark 11.3.2. The fibers of X^ B^ have by the involution l a cyclic covering onto a 
projective surface (compare to ^9], 2.1). Thus the fibers of X^ B^ are algebraic. 

Proposition 11.3.3. Assume that for all b & Bi, the involution lx^ on X^ has a locus of 
fixed points consisting of rational curves. Then the holomorphic family X^ — > B^ is due to 
its global involution suitable for the construction of a holomorphic Borcea- Voisin tower. 

Proof. Let bo G B^ and U G B^ he a small open neighborhood of b^. The eigenspace 
decomposition with respect to l yields a variation of Hodge structures on the eigenspace 
with respect to —1. The corresponding period map yields an open injection of U into D. 
By the fact that D has a dense set of CM points, the family Xi^ —>■ B^ has a dense set of 
CM fibers. Since the locus of fixed points with respect to l^^ consists of rational curves, 
this locus of fixed points has complex multiplication, too. Hence X^ —>■ B^ can be used for 
the construction of a holomorphic Borcea- Voisin tower. □ 

Assume that X, B, satisfies the assumptions of Proposition 111.3.31 Then let — > 
B^xM-i denote the family obtained by the holomorphic Borcea- Voisin tower from X^ B^ 
and £ ^ M.I denote the family of elliptic curves. 

Definition 11.3.4. A family JF ^ V of Calabi-Yau manifolds is maximal in G V, if the 

universal property of the local universal deformation X —>■ B oi J-'q yields a surjection of 
a neighborhood of onto B. The family JF — > V is maximal, if it is maximal in all G V. 



142 



Theorem 11.3.5. The family is maximal. 

Proof. By the foUowing lemma, we start to prove Theorem lll.3.5t 
Lemma 11.3.6. 

H%{X,U,) = H\{A:,)p, Q)i ® H\£,, Q) 

Proof. Due to Proposition 110.3.21 and the fact that the exceptional divisors consist of 
some rational curves, one only needs to determine H^{{X^)p x £g,<Q)Q. Since bi{{X^)p) = 
bsiWp) = and H\£g, Q) = H\£g, Q)i, we are done. □ 

By using the preceding lemma, we prove the following proposition. 
Proposition 11.3.7. One has that dim{B^ x Bi) and h'^'^{{X^)pxq) coincide. 

Proof. By Proposition 111.3^ 

^'((Xjpx,) = H\{X,)p, Q)i ® H'''{£„ Q) © H\mp, Q)i ® H'''\£„ Q). 
Hencefore 

h''\{X,)p^,) = h'^\{X,)p,Q), ■ h'^%£q,Q) + h^^''{{X,)p,Q), ■ /i°'i(£:„Q) 

= h''\mp, Q)i + h^'\{X,)p, Q)i = h'^\mp, Q)i + 1. 

Recall that is the bounded symmetric domain obtained by S0(2, r) + (]R), where r = 
h^'^({X^)p,'K)i. By [23j, IX. Table II, D has the complex dimension Since the period 
map p : ^ D of ^ is locally bijective, one concludes 

h''\mp,Q)i = r = dim(D) = dim(5j, 

which yields the result. □ 
By the following proposition, we finish the proof of Theorem lll.3.5t □ 

Proposition 11.3.8. The period map yields a multivalued map from Aii x B^ to the 

period domain, which is locally injective. 

Proof. Let B be a small open subset of Aii x B^ and let xi,X2 G B. Note tha the 
period map p on Aii x B,^ yields different image points p{xi) and p{x2), if the classes of 
i/^'°((Xj^J and H^'\{X,)^^) in F{H%{X,)^,X)) do not coincide. The respective period 
maps on B^ and M.i are locally injective and depend only on uj£^ and uj(^x,)p- Since 

H''\{X,)p^,) C H'iiXX.g) = H\{X,)p, Q)i ® H\£q, Q) 

is given by ® H^'^{£q), the period map concerning X^ is locally injective, 

too. □ 

It remains to classify the possible involutions l on L, which provide our families 
B^ with a global involution. 

Remark 11.3.9. The involutions on L, which yield involutions on certain K3 surfaces, 
are characterized by the triples of the following integers (compare to |42j): 



^By [53], IX. Table II, D has the dimension 2r as real manifold. 
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• The integer t is the rank of the sublattice Pic(5')o of the Picard lattice of an arbitrary 
fiber S of X^, which is invariant under the global involution. 

• By the intersection pairing, one obtains a homomorphism Pic(5')o Pic(5')Q. The 
integer a is given by {Z/{2)Y = Pic(^)^/Pic(S)o. 

• By the morphism Pic(S')o — ^ Pic(S')o, the intersection form on Pic(S')o yields a 
quardratic form q on Pic(S')Q with values in Q. The integer 5 is 0, if g has only 
values in Z and 1 otherwise. 

For a fixed triple (t, a, 6) we write X(^t,a,s) B(^t,a,5) instead of and ^{t,a,5) 

instead of X^. 

Remark 11.3.10. The ramification locus of the fibers with respect to the involution on 
Bt,a,5 is given by two elliptic curves, if (t,a,6) = (10,8,0), is empty, if (t,a,6) = 
(10, 10, 0), and otherwise given by Cat/ + Ei + . . . + E]\r_i, where Cn' is a curve of genus 

iV' = ^(22-t-a), and iV = ^(t-a) + l. 

(compare to [i2] ) 

Hencefore the triples 

(t, a, (5) = (10, 10,0) and (t, a, 5) with t + a = 22 

yield the examples of families X(t,a,5) ~^ ^{t,a,s) with global involutions over the basis, 
whose locus of fixed points consists at most of families of rational curves. Hence by Propo- 
sition lll.3.3[ these triples yield maximal holomorphic CMCY families of 3-manifolds. 

11.3.11. By [12], Figure 2, one gets the following complete list of holomorphic maximal 
CMCY families X(^t,a,s) B{t,a,s) x TVli of 3-manifolds obtained by this method. By 
Claim [To. 2. 11 we obtain the Hodge numbers h^'^ and /i^'^ of the fibers of X(^t.a,s)- 
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14 
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15 
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1 


5 


36 


6 


16 
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41 
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17 
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46 
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18 
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51 
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18 


4 
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51 
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19 
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56 
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20 
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1 


10 


61 


1 



Remark 11.3.12. C. Borcea [7] has constructed Calabi-Yau manifolds of dimension 3 
with CM by using 3 elliptic curves with involutions. This construction yields a CMCY 
family of 3-manifolds over A^ixA^ixA^i. The fibers have the Hodge numbers h^'^ = 51 
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and h"^'^ = 3. By similar arguments as in Theorem 111.3.51 this family is maximal. The 
associated period domain is given by Bi x Bi x Bi. 

As we have seen in Section 10.3, the family Q —>■ M.^ is a maximal CMCY family 
of 3-manifolds, whose fibers have the same Hodge numbers h^'^ = 51 and h"^'^ = 3. The 
associated period domain is given by B3 

Moreover by Theorem 1 1 1 . 3 . 5 1 and the preceding point, we have two additional holomor- 
phic maximal CMCY families of 3-manifolds, whose fibers have the same Hodge numbers 
h^'^ = 51 and /i^'^ = 3. The associated period domain is given by Bi x D, where D denotes 
the bounded domain given by S0(2, 2)(]R)/K 

Hence there exist 4 maximal CMCY families of 3-manifolds, whose fibers have the 
Hodge numbers h^'^ = 51 and /i^'^ = 3. One can easily check that the example of [7j 
has a Yukawa coupling of length 3, where the Yukawa coupling of the family Q — >■ Ais 
constructed in Section 9.2 has the length 1. Hence there are not any open sets of the 
respective bases, which allow a local identification of these two families. 

By using the involutions on elliptic curves, one gets a local identification between 
S X £/{{l£,L£)) — i> A4i X J\Ai, which yields the example of [7], with one of our examples 
'^(t,a,s) B(t,a,s) with t = 18 and a = 4. This implies a local identification between the 
resulting CMCY families of 3-manifolds obtained by the Borcea-Voisin tower. 

Remark 11.3.13. By Example 17.4.51 there are 13 explicite examples of elliptic curves 
with CM. Thus for the CMCY family of C. Borcea [7], which we have discussed in the 
preceding remark, one obtains up to birational equivalence 455 different examples of CM 
fibers. For 6 of these 13 elliptic curves, we have an explicitely given involution. Thus we 
can at least describe the 56 Calabi-Yau 3-manifolds, which are obtained by some of the 
latter 6 elliptic curves, by local equations. 

Remark 11.3.14. It would be interesting to consider the following question: Is the 
maximal CMCY family X(io,io.o) its own mirror family? 

Let S denote a K2i surface with an involution, which acts by —1 on r(c(j5). In [19] 
the triples (t, a, 5), which yield our families X{t,a,5) B{t,a,5) satisfying the assumptions of 
Proposition 111.3.31 do not satisfy the assumptions of the technical Lemma [33] , Lemme 
2.5. This Lemma guarantees the existence of a hyperbolic plane H C H'^{S,Z)i, which 
is needed for the mirror construction in [39]. Hence these triples {t,a,5) do not satisfy 
the assumptions of the Mirror Theorem [39], Theoreme 2.17. But by [TT], Lemma 4.4.4, 
there is a hyperbolic plane H C H^{S,Z)i for these triples, too. 

In her construction of a Calabi-Yau 3- manifold ([^, Lemme 1.3) C. Voisin assumes 
that the involution on the K3 surface is not given by the triple (10,10,0), since it is 
easy to see that the resulting 3-manifold is not simply connected in this case. But by 
Proposition 17.2.51 the resulting 3-manifold satisfies our definition of a Calabi-Yau manifold 
(Definition 17.2.11) in this case, too. 

The mirror of a fiber of X(io,io,o) niust have the same Hodge numbers h^'^ = K^'^ = 11. 
By Claim ni). 2. 11 this implies for an involution on a K3 surface: 

5N - N' = 5N' - N = 

Hence one calculates easily that = A^' = 0. Thus by V. V. Nikulins [32] classification 
of involutions on K3 surfaces, the Voisin-Borcea Mirror (in the notation of [TT]) of a fiber 
of X(io,io,o) should be obtained by the triple (10,10,0), too. Hence the author has the 
impression that one can consider the maximal CMCY family X(io,io,o) of 3-manifolds as 
its own mirror family, but one must check the details. 
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